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1 Introduction 



The complex general orthogonal group GO{r) by definition consists of all r x r 
complex matrices g such that ^gg = cl where c is an invertible scalar. (For any 
integer r > 1, we will write GO{r,C), GL{r,C), 0(r, C) simply as GO{r), GL{r) 
and 0(r), omitting the 'C '.) A principal GO(r)-bundle on any base space X is then 
equivalent to a non-degenerate triple T = {E, L, b) consisting of a rank r complex 
vector bundle E, a complex line bundle L on X and a symmetric bilinear form 
b : E ^ E ^ L on E taking values in L, such that b is non-degenerate on each fiber. 
The vector bundle E corresponds to the defining representation GO{r) ^ GL{r) 
of GO{r), the line bundle corresponds to the character cr : GO{r) —>■ C* defined by 
the equation ^gg = <j{g)I, and b is induced by the standard bilinear form Y^XiUi 
on C. The reverse correspondence is by a Gram-Schmidt process applied locally 
(etale-locally in the algebraic category). We define a non-degenerate quadric 
bundle Q of rank r on a base X to be an equivalence class [T] of non-degenerate 
rank r triples T, where for any line bundle i^' on X, we regard the triples T and 
T ® K = {E ® K,L® K'^^b^lx) iohe equivalent. 

The central result (called the Main Theorem) is proved for cohomology with co- 
efficients in an arbitrary ring. The computational results and examples involving 
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cohomological classes are formulated and proved for the case of F2 = Z/(2) coeffi- 
cients. We always work with singular cohomology. 

A cohomological quadric inveiriant a. of non-degenerate quadric bundles of rank 

r associates to any such quadric bundle Q on any base X an element a(Q) G 
i7*(X), with = a(/*g) G H\X') under any pullback f : X' X. 

Let H*{BGO{r)) denote the singular cohomology ring with coefficients F2 of the 
classifying space BGO{r) of GO{r). It can be seen that the cohomological invariants 
of non-degenerate quadric bundles of rank r bijectively correspond to elements of 
the so called primitive subring PH*{BGO{r)) C H*(BGO{r)), which consists of 
all elements x G H*{BGO{r)) such that B{i2)*{x) = l^x. : H*{BGO{r)) 

H*{BC*) ® H*{BGO{r)) induced by the muhiphcation map /i : C* x GO{r) 
GO{r), which corresponds to the operation T 1— > T X on triples. 

More generally, we consider triples T = {E, L, b) which are not assumed to be non- 
degenerate, but for which for each x E X, the restriction : ® ^ to the 
fiber over x is non-zero. Again defining an equivalence relation T ^ T ® K, we call 
an equivalence class Q = [T] as a quadric bundle on X. Wc say that the triple 
T, or the corresponding quadric bundle Q, is minimally degenerate if the rank 
of bx is constant equal to r — 1 for all x G X, where r = rank(E). Note that such a 
Q naturally defines a non-degenerate quadric bundle Q of rank r — 1 on X, where 
r = rank((5). If a triple {E,L,b) represents Q, then Q is represented by the triple 
{E, L,b) where E = E/ker{b) and b is induced by b. 

Given a Hausdorff topological space X of the homotopy type of a CW-complex, we 
say that a closed subspace Y G X of the homotopy type of a CW-complex is a 
topological divisor if there exists an open neighbourhood U of y in X, such that 
U is homeomorphic to the total space of a real rank 2 vector bundle N onY, under 
a homeomorphism which is identity on Y (where we regard Y as the zero section 
of N). An important example of this is when X is a complex algebraic variety, 
and F C X is a smooth Weil divisor, which does not meet the singular locus of X. 
Given such a pair (X, Y) , we will consider quadric bundles Q = [T] on X which are 
non-degenerate on X — y, and are minimally degenerate on Y. We will say that 
such a Q is a mildly degenerating quadric bundle on (X, y), of generic rank 
r = rank(i?). 

This paper is devoted to the following three questions. 

(1) Let the coefficients be F2. What is the cohomology ring H*{BGO{r)), in 
terms of generators and relations? Under the canonical inclusions 0{r) ^ GO{r) 
and GO{r) ^ GL{r), what are the induced ring homomorphisms H*{BGL{r)) 
H*{BGO{r)) and H*{BGO{r)) H*{BO{r))l 

(2) Let the coefficients be F2. What are the invariants of non-degenerate quadric 
bundles? Describe concretely the primitive subring PH*{BGO{r)) C H*{BGO{r)). 

(3) Let the coefficients be in an arbitrary ring R. Consider a space X and together 
with a topological divisor F C X. For any mildly degenerating quadric bundle Q 
on (X, Y) of generic rank r, how are the quadric invariants of the restriction Qx-y 
related to the quadric invariants of the rank r — 1 non-degenerate quadric bundle 
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Qy corresponding to the restriction Qy ? 
We now sketch the answers. 

When r = 2n + 1 is odd, the first two questions are easily answered, using the group 
isomorphism C* x S0{2n + 1) ^ G0{2n + 1) given by (a, g) ^ ag, and the known 
facts about Stiefel- Whitney and Chern classes. The details are given in Section 2. 

When r = 2n is even, the ring H*{BG0{2n) ) has been described by means of finitely 
many generators A, a2i-i, dx, b^i and relations between these generators (see [H-N]). 
The ring homomorphism H*{BG0{2n)) —>■ H*{B0{2n)) is also determined in [H-N]. 
We determine the ring homomorphisms H*{BGL{2n)) —>■ H*{BG0{2n)) in Section 
4 (Proposition 3^), which completes the answer to question (1) in even ranks. 



The determination of the map H*{BGL{2n)) H*{BG0{2n)) enables us to write 
the ring homomorphism 5(/i)* : H*{BG0{2n)) H*{BC*) H*{BG0{2n)) in 
terms of the generators A, ci2j-i) dr, b^i. Consider the similar ring homomorphism 
Bin)* : H*{B0{2n)) H*{B{Z/{2)))®H*{BO{2n)) induced by the multiplication 
map /i : Z/(2) x 0{2n) 0{2n) where Z/(2) = {±1}. When the rank r = 4m + 2 
is congruent to 2 mod 4, and also in the case r = 4, H. Toda has determined 
the corresponding primitive ring PH*{BO{r)) C H*[BO{r)) (see Toda [T]). This 
covers (one more than!) half the even cases. Using these results of Toda, we are 
able to give a finite set of generators for the primitive rings PH*{BGO{A'm + 2)) C 
H*{BG0{Am+2)) and also for PH*{BGO{A)). For the remaining ranks 8, 12, 16, . . ., 
we have not fully answered the question (2). However, even in these cases, our con- 
crete description of the map B{fi)* makes it possible to mechanically check whether 
any given polynomial /(A, a2i-i, dr, b^i) G H*{BG0{2n)), is in PH*{BG0{2n)). 

Now we come to the question (3), the answer to which is our main result. First 
observe that if Q = [E,L,b] is a minimally degenerate quadric bundle on any base 
Y (that is, rank(6y) = rank(£^) — 1 at all y G Y) then (up to isomorphism) we have a 
canonical triple T'^ which represents the non-degenerate rank r — 1 quadric bundle 
Q, defined as follows. Let {E,L,b) be any arbitrary triple with Q = [E,L,b], so 
that ker(6 : E ^ L® E*) is a line subbundle of E. Let E be the quotient E/ ker(6), 
and \eib:E®E^Lhe induced by b. Note that (£", L, b) is a non-degenerate rank 
r — 1 triple, where r = rank(£'), which defines Q. We define the rank r — 1 triple 
T« as _ _ 

T« = (E,L,6)®(ker(6))-^ 

This is well-defined, independent of the initial choice of a representative {E, L, b) 
for Q. In particular, if y C X is a topological divisor and Q is a mildly degener- 
ating quadric bundle on (X, Y) of generic rank r, then we get a canonically defined 
principal GO{r — l)-bundle on Y corresponding to the triple T^^ . 

Next, observe that it follows from the definition of a topological divisor Y <Z X that 
we have a Gysin boundary map 

d : H*{X -Y) ^ H*-\Y) 

which is an additive map, homogeneous of degree —1. Our main theorem says that 
for any quadric invariant a{Qx-Y) G H*{X — Y) of the non-degenerate rank r 
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quadric bundle Qx-y, the Gysin boundary d{a{Qx-Y)) £ H*{Y) is expressible in 
terms of the GO{r — l)-characteristic classes of the triple T^^ as follows. First we 
need some preliminaries. 

If y C X is a topological divisor, and X is a line bundle on X together with a section 
s G r(X— y, K) which is everywhere non-vanishing on X—Y, we can define its abso- 
lute topological vanishing multiplicity |t/|y(s) G H^{Y-, Z), and its topological 
vanishing parity Vy{s) G H^{Y] Z) (see Section 6). In the algebraic category, this 
is the usual vanishing multiplicity vy{s) and its parity, where even is and odd 
is 1. Given a quadric bundle Q = [E,L,b] on X which is non-degenerate outside 
a topological divisor Y C X, the discriminant det(6) G r(X, L™"''^^) (g) det(_E)"^), 
and its topological vanishing multiplicity i/y(det(6)) along Y, are independent of the 
choice of a triple {E, L, h) that represents the given quadric bundle Q, which allows 
us to denote these simply as det((5) G T{X, U ® det(£')~^) and as i/y(det((5)). 

Let B{vY : H*{BGO{r)) H*-^{BO{r - 1)) be the ring homomorphism induced 

by the group homomorphism v : 0(r — 1) — > GO{r) defined hj g 

Let (E,L,b) be the universal triple over BGO{r — 1). The complement Lq of 
the zero section of L can be taken to be BO{r — 1) (see Section 2), so there is 
a Gysin boundary map d : H*{BO{r - 1)) ^ H*{BGO{r - 1)). Finally, let S : 
PH*{BGO{r)) H*-\BGO{r - 1)) be the composite linear map 

PH*{BGO{r)) ^ H*{BGO{r)) H*{BO{r - 1)) ^ H*-\BGO{r - 1)) 

Here the cohomologies have coefficients in some fixed ring R. With the above nota- 
tions, we can now state the following. 

Main Theorem Let Q be a quadric bundle on a space X, generically non- degenerate 
of rank r >2, mildly degenerating over a topological divisor Y (Z X . Let Qx-y be 
the resulting rank r non- degenerate quadric bundle on X — Y , and let T^^ be the 
resulting rankr — 1 non- degenerate canonical triple on Y . Let a G PH*{BGO{r)) be 
a universal quadric invariant, and let q:{Qx-y) G H*{X — Y) be its value on Qx-y- 
Let S : PH*{BGO{r)) H*~^{BGO{r — 1)) be the linear map defined above, and 
let {5{a)){T^"^) he the value of the resulting GO{r — 1)- characteristic class S{a) on 
T^^ . Lei I7y(det(Q)) G H^iY.'L) he the topological vanishing parity along Y of the 
discriminant det{Q) G r(X, L** ® det(£^)~^). Then under the Gysin boundary map 
d : H*{X - Y) ^ H*-\Y), we have the equality 

d{a{Qx-Y))^Md^t{Q)) ■ (5(a))(r«^) 



Sketch of the proof If X is an algebraic variety with an effective Cartier divisor 
Y, and E is a. vector bundle on X with a given line subbundle E' of the restriction 
E\y, then recall that the Hecke transform F of {E, E') along Y is the vector bundle 
(locally free sheaf) on X consisting of germs of all sections of E which when restricted 
to Y lie in E' . Doing what may be described as a topological analog of this procedure. 
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we first reduce to the case where the absolute topological vanishing multiplicity of 
det{Q) along each component of y is either or 1, depending on whether the original 
absolute topological vanishing multiplicity was even or odd, respectively. 

Without loss of generality, one can assume that Y is connected. When the absolute 
topological vanishing multiplicity of the discriminant is zero along the divisor Y, 
we show that topologically Q admits a non-degenerate prolongation from X — Y 
to all oi X. In particular, all quadric invariants map to zero under the Gysin 
boundary map. This is necessarily the case when the real vector bundle on y 
(the 'topological normal bundle' of Y in X) is not orientable, as then the absolute 
topological vanishing multiplicity of the discriminant is always zero. 

So now remains the case where |z/|y (det((5)) = 1. (In the algebraic or complex 
analytic category, if the base X and the divisor Y are non-singular varieties, then 
the condition i/y(det(6)) = 1 on a mildly degenerating algebraic or holomorphic 
triple {E, L, b) is equivalent to demanding that the closed subvariety V C P{E) 
defined by b is non-singular.) To study the case |i/|y (det((5)) — 1, we construct 
a particular such quadric bundle Q which is quasi-universal in the sense that for 
any Q on a base X, degenerating over Y, there is a tubular neighbourhood of Y 
in X over which the original quadric bundle may be replaced by a puUback of the 
quasi- universal bundle Q, for the purpose of the main theorem. By this device, we 
reduce the problem to understanding the Gysin boundary map d in the case of the 
quasi- universal quadric bundle Q. 

The quasi-universal bundle Q is constructed as follows, for all r > 2. Let (E, L, b) 
be the universal triple over BGO{r — l). The total space L of the line bundle tt : L — > 
BGO{r — 1) serves as the base space for Q, and the zero section BGO{r — 1) C L 
is the degeneration locus of Q. Let r e r(L, 7r*(L)) be the tautological section of 
the puUback of L under tt, which vanishes with multiplicity 1 along the zero section 
BGO{r — 1) C L. We may regard r as defining a bilinear form r : Oj, ® 0l '^*(L) 
on the trivial line bundle Cl on L. The direct sum triple (Cl, 7r*(L), T)©7r*(E, L, b) 
on L defines the quadric bundle 

Q = [0L © 7r*(E), 7r*(L), r © 7r*(b)] 

which is the desired quasi-universal mildly degenerating quadric bundle with generic 
rank r. By the construction of the quasi-universal triple, the theorem follows. 

The above theorem tells us how to compute explicitly d{a{Q)), once we know how 
to compute the Gysin boundary map H*{BO{r - 1)) H*~^{BGO{r - 1)). We 
write this Gysin boundary map explicitly in terms of generators of the cohomologies. 
The answer naturally falls into two cases. 

(1) Odd rank degenerating to even rank When Q is non-dcgcncratc of rank 
2n + l on X — Y, degenerating to rank 2n on Y, the required Gysin boundary map 
d : H*{B0{2n)) H*-\BG0(2n)) is exphcitly given in Section 4. 

(2) Even rank degenerating to odd rank When Q is non-degenerate of rank 
2n + 2 on X — Y, degenerating to rank 2n -|- 1 on Y, the required Gysin boundary 
map d : H*{BO{2n + 1)) ^ H*-^{BGO{2n +1)) is already known, as recalled in 
Section 3. 
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The "rank 3 degenerating to rank 2" case of the above theorem, where a conic bun- 
dle Q degenerates into a bundle whose fiber is a pair of distinct lines, was consid- 
ered earlier in [N]. In this case, PH*{BG0{3)) = ¥2[w2,W3\, while H*{BG0{2)) = 
F2[A,ai,64]/(Aai) (as proved in [H-N]). The invariant W2iQ) E H'^{X - Y) is the 
Brauer class of the P^-bundle Qx-y on X — Y . The restriction Qy defines a 2- 
sheeted cover of Y, and the quadric invariant ai e H^iX) is the class of this cover. 

It was proved in [N] that d{w2) — ^'y(det((5))ai, but nothing was proved there 
about the behavior of the general invariant f{id2,ws) under d. As a consequence 
of our Main Theorem, we now know d{f{w2,W3)) explicitly. For example, W3 
z/y(det(Q))a^, and W2 ^— z/y(det((5))(ai +0164). This last example is noteworthy, 
as + 0164 is a characteristic class for GO (2) which is not a quadric invariant. 

This paper is arranged as follows. The Sections 2 to 4 deal with non-degenerate 
quadric bundles. In Section 2, the cohomological invariants of non-degenerate 
quadric bundles in odd ranks (which is the easy case) are described, together with 
the Gysin boundary map d : H*{B0{2n + 1)) H*-\BG0{2n +1)). In Sec- 
tion 3, which treats even ranks r = 2n, we first describe (following [H-N]) the 
characteristic classes for G0{2n) and the Gysin boundary map d : H*{B0(2n)) — > 
H*~^(BG0{2n)). Then we determine the the ring homomorphism H*{BGL{2n)) 
H*{BGO{2n)) induced by the inclusion GO{2n) ^ GL{2n), which should be of in- 
dependent interest. This in particular allows us to write the action of T T (E) K 
on the G'0(2n)-charactcristic classes, which gives a computational procedure to de- 
cide whether a given characteristic class is quadric invariant. The ring of quadric 
invariants in ranks 4 and 4m -|- 2 is described in the Section 4, making use of the 
corresponding results of Toda [T] for the orthogonal groups. In Section 5, we recall 
the properties of the Gysin boundary map that we need, and prove a basic lemma 
about the Gysin boundary map. In Section 6, we consider the topological behav- 
ior of sections of complex line bundles on a space X which vanish on a topological 
divisor Y. In Section 7, we establish some basic properties of mildly degenerating 
triples, and complete the proof our main theorem for Gysin boundary behavior of 
quadric invariants. In Section 8, we show how the main theorem leads to an algo- 
rithm for calculations, and as illustrations we give explicitly the behavior of some 
of the quadric invariants for the degenerations from ranks 3 to 2, 4 to 3, 5 to 4, and 
6 to 5. The paper ends with an Appendix (Section 9) which recalls the required 
results of Toda. 

Acknowledgments The authors thank the referee for pointing out that as the 
proof of the Main Theorem does not make essential use of any hypothesis about 
coefficients, the statement should be formulated in this generahty (instead of just 
for coefficients F2 as in the earher version). The authors respectively thank the 
Abdus Salam ICTP Trieste, and the University of Essen, for support while part of 
this work was done. 
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2 Quadric invariants in odd ranks 



Some generalities for all ranks 

All topological spaces will be assumed to be Hausdorff, and of the homotopy type 
of a CW complex. In this section we assume that all cohomologies will be singular 
cohomology with coefficients in the field F2 = Z/(2), unless otherwise indicated. 

By a Gram-Schmidt argument, isomorphism classes of principal 0(r)-bundles on a 
base X are the same as isomorphism classes of pairs {E,q) where £■ is a vector bundle 
on X of rank r, and q : E ® E ^ Ox is an everywhere non-degenerate symmetric 
bilinear form. More generally, isomorphism classes of principal G'0(r)-bundles on a 
base X are the same as isomorphism classes of triples {E, L, b) where E is a. vector 
bundle on X of rank r, L is a line bundle on X, and b : E <S) E ^ L is an everywhere 
non-degenerate symmetric bilinear form. It follows that isomorphisms L — > Ox are 
the same as reductions of structure group from GO{r) to 0{r). In particular, if L 
denotes the total space of the line bundle n : L ^ X, then the pullback of {E, L, b) 
to Lg = L — X (complement of the zero section of L) has a canonical reduction of 
structure group to 0(r). 

Let the homomorphism a : GO{r) — > C* be defined by ^gg = cr{g)I. This fits in the 
short exact sequence 

1 ^ 0{r) ^ GO{r) ^ C* ^ 1 

Hence the classifying space BO{r) is the principal C *-bundle on BGO{r) associated 
to a. Let (E, L, b) be the universal triple on the classifying space BGO{r). Then L 
is associated to a, which (again) shows that the complement Lo of the zero section 
of L may be identified with BO{r). 

Let Z/(2) = {±1}, and let /j, : Z/(2) x 0{r) 0{r) be the multiplication map, 
sending {a,g) 1— > ag. Similarly, let : C* x GO{r) — > GO{r) be the multiphcation 
map, sending (a, g) 1— > ag. As these maps are group homomorphisms, which com- 
mute with the inclusion homomorphisms Z/(2) ^ C* and 0(r) ^ GO(r), we have 
the following commutative diagram of classifying spaces, where the vertical maps 
are induced by the inclusions. 

B{Z/{2)) X BO{r) "-^^ BO{r) 
I i 
B€*xBGO{r) ^-^^ BGO{r) 

Recall that -B(Z/ (2)) = RP°°, and its cohomology ring is the polynomial ring F2[u'] 
where w G H^{B{Z/{2))). Also, BC* = CP°°, and its cohomology ring is the poly- 
nomial ring ¥2[t] where t G H^{BC*) is the image under H^{BC*; Z) H^{BC*) 
of the first Chern class of the line bundle 0{1) on CP°^. The inclusion Z/(2) ^ C* 
induces the ring homomorphism H*{BC *) H*[B['L/ (2))) under which c maps to 
up. Hence we get the following. 

Rerricirk 2.1 The following diagram of ring homomorphisms is commutative where 
the first vertical map tt* is induced by the projection tt : BO{r) — > BGO{r), and 
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the second vertical map 9 is induced by tt* together with w ^ t"^. 

H*{BGO{r)) ^* H*{BGO{r))[t] 

H*{BO{r)) ^* H*{BO{r))[w] 

In the rest of this section, we record various facts about non-degenerate triples and 
quadric bundles in odd ranks, for later use. 

The cohomology ring H*{BG0{2n+ 1)) 

The map C* x S0{2n + 1) G0{2n + 1) defined by {a,h) ^ ah is an isomor- 
phism. As H*{BC*) = F2[c] where c has degree 2, while H*{BS0{2n + 1)) = 
F2[w2, • • • , W2n+i] where Wi e H^{BS0{2n + 1)) are the universal special Stiefel- 
Whitney classes for S'0(2n -|- 1), we get an identification 

H*{BG0{2n + 1)) = F^ic, ^2, . . . , Wsn+i] 

where we write dor t <S> 1, and write Wi for 1 (8) Wj. 

Quadric invariants in odd rank 

Proposition 2.2 The ring of quadric invariants in any odd rank 2n + 1 is the 
subring H*{BS0{2n + 1)) = F2[w2, • • • , W2„+i] of H*{BG0{2n + 1)). 

Gysin sequence for B0{1) BC* 

The character 2x ■ C* ^ C* : z z"^ has kernel 0(1) = {±1} C C*, hence the 
classifying space B0{1) can be taken to be the complement of the zero section of 
the fine bundle 0{2) on SC* = CP°° defined by the character 2%. The Euler class 
of 0{2) is e H'^{BC*) as 2 = in F2. Hence the long exact Gysin sequence for 
the principal C*-bundle tt : B0{1) BC* sphts to give short exact sequences 

^ H\BC*) ^ H\B0{1)) ^ H'-\BC*) 

For all i > 0, H^\BC*) = {0,d}, H^'+\BC*) = 0, and H'{B0{1)) = {0,w'}, 
where we take = 1 and = 1. Hence the above short exact Gysin sequences 
implies that 

7r*(cO = d{w^') = 0, and d{w^'+^) = c^ for all i > 0. 

Gysin sequence for 50(2n + 1) BG0{2n + 1) 

The classifying space B0{2n + 1) has cohomology ring F2[wi, . . . , W2n+i], the poly- 
nomial ring in the Stiefel- Whitney classes Wi. With 0(1) = {±1} C C*, we have 
an isomorphism 0(1) x SO{2n -|- 1) — > 0(2n -|- 1) : (a, h) 1— > ah, which gives an 
isomorphism -BO(l) x BSO{2n -|- 1) — > BO{2n + 1). In our previous notation. 
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H*(B0{1)) = F2H and H*{BS0{2n + 1)) = Fsfws, . . . , W2n+i], so taking tensor 
product, 

H*{B0{2n + 1)) = ¥2[w, W2, . . . , W2n+i] 

Note that if si,...,Sm are the elementary symmetric functions in the variables 
Xi, . . . , Xm, and u is another variable, then we have 

Sr{u + Xi,...,U + Xm) = ^ i^_^ju''~'Si{Xi,...,Xm) 

0<i<r ^ ^ ^ ^ 

Hence by the splitting principle we get the following. 

Lemma 2.3 In H*{B0{2n + 1)) = ¥2[wi, . . . , W2n+i] = ¥2[w, W2, • • • , 'W2n+i], we 
have the identities 



Wr 
Wr 



2n + l 

r 

2n 



r 



2n + l- i 
r — i 



2<i<r 



2<i<r 

2n + l-i 

r — i 



w"^ ^ Wi for 2 < r < 2n + 1, 
w{~'' Wi for 2 < r < 2n + 1. 



Lemma 2.4 For the C*-fibration n : B0{2n + 1) BG0{2n + 1), we have the 
following. 

(i) The Euler class is zero. 

(a) The ring homomorphism vr* : H*[BG0{2n + l)) H*{B0{2n + l)) is given in 
terms of generators by 

7r*(c) = wl, 

n*{{dr) = P"") w[+J2 C^'r-^ "^^"^ for2<r<2n + 1. 

(Hi) The Gysin boundary map d : H*{B0{2n + 1)) ^ H*-\BG0{2n + 1)) has 
the following expression. Using the identities given by Lemma \2.^ , any element 
of H*{B0(2n + 1)) = F2[iL'i, . . . , W2n+i\ can be uniquely expressed as a polynomial 
'^w^fi{w2, . . . ,'W2n+i), where the fi are polynomials in 2n variables. Then the ad- 
ditive group homomorphism d is given by 

dC^w'fi{w2, . . .,W2n+l)) = ^C'f2j+liw2, ■ ■ ■,W2n+l) 
i>0 j>0 
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Proof The isomorphisms 0(1) x S0(2n + 1) — 0{2n + 1) : {a,h) ^— ah and 
C * X S0{2n + 1) ^ G0{2n + 1) : (a, h) i-^ ah fit in the commutative square 

0(1) X S0{2n + 1) 0{2n+l) 

I I 
C* X S0{2n+1) G0{2n + 1) 

Hence by the previous calculation of the Gysin sequence for B0{1) BC*, the 
Gysin sequence for B0{2n + 1) ^ BG0{2n + 1) breaks into short exact sequences 

^ H\BG0{2n + 1)) ^ H\B0{2n + 1)) ^ H'-\BG0{2n + 1)) ^ 

with 7r*(c) = w^, n*{wr) = Wr for all r > 2, d{w'^^) = for all j > 0, d{w^^+^) = 
for all r > 0, and d{f{w2, ■ ■ ■ , W2n+i)) = for any polynomial / in the variables 

W2, ■ ■ ■,W2n+l- 

As f{w2, ■ ■ ■ ,W2n+i) is pulled back from BG0(2n + 1), it follows from Lemma |5]l| 
that d{w^f{w2, . . . , W2n+i)) = d{w^)f{w2, . . . , W2n+i), which completes the proof. □ 

Example 2.5 In particular d{wi) = 1, and for all r > 1 we have d{w2r) = and 

Remark 2.6 The ring H*{BGL{2n + l); Z) equals Z[ci, . . . , C2n+i] where the q are 
the Chern classes, therefore modulo 2 we have H*{BGL{2n+ 1)) = F2[ci, . . . ,C2n+i] 
with Ci e H^'{BGL{2n+l)). Under the map H*{BGL{2n+l)) H*{BG0{2n+l)), 
it can be seen that 

^ ^ 2<i<r ^ ^ 

3 Characteristic classes for GO(2n) 

Generators A, a2i-i, b^j, dr of H*{BG0{2n)), and relations. 

The cohomology ring H*{BG0(2n)) with coefficients F2 has been explicitly deter- 
mined in terms of generators and relations in [H-N], which we recall. Let (E,L,b) 
denote the universal triple on BG0{2n). The characteristic class A G H'^{BG0{2n)) 
is by definition the Euler class of L. 

The character a : G0{2n) —>■ C* defined by '^gg = cr{g)I has kernel 0{2n), and L is 
associated to the character a, hence B0{2n) can be taken to be the complement 
of the zero section of the line bundle L. For the principal C*-bundle vr : B0{2n) — > 
BG0{2n), consider the long exact Gysin sequence 

• • • A H\BG0{2n)) ^ H\B0{2n)) ^ H'-\BGO{2n)) ^ W+^{BG0{2n)) ^ • • • 
For each 1 < j < "n., we put 

a2j-i = dw2j e H'^^-\BG0{2n)). 
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More generally, for any subset T = {ii, . . . , v} C {1, . . . , n} of cardinality r > 2, let 
vt = ■ ■ ■W2i, e H'^^^^^'^\BO{2n)) where deg(T) = ii + • • • + v. We put 

dr = d{vT) e i/2'^^s(^)-^(5G'0(2n)). 

We recall from [H-N] that the composite 7r*d : H*{BO{2n)) H*-^{BO{2n)) is the 
derivation s — Yl^'^i-idw^- Hence we have 

7r*(a2j_i) = W2j-i and 7r*((ir) = W2i-iVT-{i} in H*{B0{2n)). 

iGT 

Finally, let q(E) G H'^'{BGL{2n);'Z) denote the i th Chern class of the vector 
bundle E, and let Ci(E) G H'^'\BGL{2n)) be its image under the coefficient map 
Z ^ F2. We put 

hij = C2j(E) G H^^{BG0{2n)) for each 1 < j < n. 

These satisfy 

7r*(64j) = W2j for each 1 < j < n. 

As shown in Theorem 3.3.5 of [H-N], these elements A, a2j-i, 64^, and generate 
the ring H*{BGO{2n)), with relations given as follows. 

Theorem 3.1 For any n > 1, the cohomology ring of BG0{2n) with coefficients 
¥2 is the quotient 

H*{BG0{2n)) = ^^[^^ ("^^-^^^(^^O. (rfT)T] 

where I is the ideal generated by the elements \a2i-1 for I < i < n, the ele- 
ments Xdr where T C {l,...,n} is a subset of cardinality \T\ > 2, the elements 
X^jgT '^2i-i f^T-fi} where T C {l,...,n} with \T\ > 3, the elements {d^ijjY + 
'Ai-i^ij + '^2j-i^4i where {i,j} C {l,...,n} is a subset of cardinality 2, and the 
elements dr du + Z^peT Y\q&Tnu-{p} ^2p-i d(T-{p})Au where T ^ U in case \T\ = 
\U\ — 2, and where A denotes the symmetric difference of sets. 

The map tt* : H*{BG0{2n)) H*{B0{2n)) 

The puUback map tt* : H*{BG0{2n)) H*{B0{2n)) satisfies the following equa- 
tions, as shown in [H-N]. 

7r*(A) = 0, 

7r*(a2i-i) = W2i-i for all 1 < i < n, 

'?i"*(&4j) = for all 1 < i < n, 

7r*(cir) — W2i-iVT~{i} for all T C {1, . . . , n] with |r| > 2, 

iGT 

where vj — Iljgj wi2j for any subset J C {1, . . . , n}. 
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Moreover, the map vr* : H'^^~^^{BG0{2n)) iJ^*+^(i?0(2n)) is injective for each i > 
0, by Remark 3.3.4 of [H-N]. Hence the Gysin sequence breaks into exact sequences 



H^\BG0{2n)) ^ H^\B0{2n)) S H^'-\BG0{2n)) 



and 



^ H^'+\BG0{2n)) ^ H^'^\B0{2n)) A H^\BG0{2n)) 
Gysin boundary map d : H*{B0{2n)) H*-\BG0{2n)) 

The Gysin boundary map d : H*{B0{2n)) H*^^{BG0{2n)) satisfies the following 
equations, as shown in [H-N]. 

d{w2i-i) = for all 1 < i < n, as W2i-i = tt* icL2i-i) , 

d'i''^2i) — for all 1 < i < n, as w^^ = TT*{bii), 

d{w2i) = CL2i-i for all 1 < i < ra, 

d{w2ij ■ ■ ■ W2iJ = dr for all T = {ii < . . . < ir} C {1, . . . 

Moreover, by Lemma ^]T| proved later, it follows that for any x G H*{BG0{2n)) 
and y G H*{B0{2n)) we have d{Tr*{x)y) = TT*{x)dy. Hence d : H*{B0{2n)) 
H*'^^[B0{2n)) is determined for any monomial in the Wj's as follows. Any such 
monomial can be uniquely written as a product f{w2i~i) ■ giwli) ■ W2i^ ■ ■ ■ W2i,. where 
/ and g are monomials in n variables, and 1 < ii < i2 < ■ ■ ■ < ir ^ n. Then we 
have 

{0 if r = 

/(«2i-i) ■ gihi) ■ o,2n-i if r = 1 
/K-i)-^7(M-rfT ifr>2, where 
T={li <...<lr}. 

This completes our description of the Gysin boundary map for B0{2n) BG0{2n). 
The map H*{BGL{2n)) H*{BG0{2n)) 

The determination of the ring homomorphism H*{BGL{2n)) —>■ H*{BG0{2n)), 
which is carried out in the rest of this section, is needed in order to determine the 
quadric invariants. 

The cohomology ring H*{BGL{2n)) is the polynomial ring F2[ci, . . . ,C2n] where the 
2n variables the Chern classes mod 2. By the definition of the elements 64^- G 

H^^{BG0{2n)) in terms of the universal triple (E,L,b), we have C2r(E) = 64^ for 
1 < i < n. Hence under the ring homomorphism H*[BGL{2n)) — > H*{BG0{2n)) 
induced by the inclusion G0{2n) ^ GL{2n), we have C2r ^ &4r- The follow- 
ing proposition gives the images of the odd Chern classes C2r-i in H*{BG0{2n)), 
which completes the determination of the ring homomorphism H*{BGL{2n)) 
H*{BG0{2n)). 

Proposition 3.2 Consider the lower triangular n x n matrix A over F2[A^], with 
all diagonal entries 1, and below- diagonal entries given by 



12 



Let B = A ^ be its matrix inverse over the ring F2[A^]. For 1 < r < n, let the 
polynomial fn,r{^, b^, . . . , b^r-i) be defined by 




Then in the cohomology ring H*{BG0(2n)) , we have 

C2r-l(E) = a2r-l + ^ ' fn,r{^, 64, • • • , &4r-4) 

Proof We divide the proof into two steps, (a) and (b). 

(a) For each 1 < r < n, there exists a unique polynomial gr{^, &4, • • • , b^r-i) such 

that C2r-l(E) = al^._i + X ■ gr{X, &4, • • • , &4r-4)- 

(b) The polynomials gr{X, &4, . . . , &4r-4) are the polynomials fn,riX, 64, ... , 64r-4) 
defined in the statement of the proposition. 

Proof of (a) The composite homomorphism 0{2n) ^ G0{2n) "—>■ GL[2n) induces 
H*{BGL{2n)) H*{BG0{2n)) H*{B0{2n)) under which q ^ wf. As al_^ ^ 
wl_^ under H*{BG0{2n)) H*{B0{2n)), we must have 

C2j_l(E) = a2j_i + Z4^i_2 

where 24^-2 lies in the kernel of vr* : H^'~^{BG0{2n)) H^'-'^{B0{2n)). By 
exactness of Gysin, we have -244-2 = Xy^^i for some ya-^ G H^^''^{BG0{2n)). Now, 
by the structure of the ring H*{BG0{2n)), we know that A annihilates the 02^-1 's 
and the drs. Hence we can replace ?/4i_4 by a polynomial gi{X,b4j) in A and the 
b^/s. As the variables A and the 64^ are algebraically independent, is unique. By 
degree considerations, the highest b^j that occurs in gi can be at most &4i_4. This 
completes the proof of (a). 

Proof of (b) We first determine the polynomial gi{X, b^, . . . , 644-4) in the following 
Example 2]3| of a triple T. 

Example 3.3 Let C(l) be the universal line bundle on 5C* = Pg=. Let X = 
BC * X ... X BC * be the product of n + 1-copies, and let pi : X ^ BC * be the 
projections for < i < n. Let L = Po(C(l)), and for 1 < i < n let Ki = p*{0{l)). 
On X, we get the non-degenerate triples % = ((L Ki) © K~^,L,bi) where bi is 
induced by the canonical isomorphism (L ® Ki) K^^^ ^ L. Let T = {E, L, b) be 
the direct sum triple ©7^ (see Definition [7.2[ ). We now write down the characteristic 
classes of T. Let A = Ci{L). Then by definition, A(T) = A. As the odd cohomologies 
of X are zero, the classes 024-1 (T) and (ir(T) are zero for all 1 < z < n and for all 
T C {!,..., n} with |T| > 2. 

Let Xi = Ci{Ki) ioT 1 < i < n, and let Sk{Xxi + x"^) denote the k th elementary 
symmetric polynomial in the variables Axi + xf, . . . , Ax„ + x^. As is the direct 



13 



sum of the (L ® Ki) © K • \ its Chern classes (modulo 2) are given by 

l<A:<r ^ ^ 
^ ^ l<fe<r-l ^ ^ 

As hir{T) = C2r{E), we have the following equations for 1 < r < n. 

n — k 



^ ^ l<fc<r ^ 



This is a system of linear equations with coefficients in F2[A^], for the 64,. — (^)A^'' 
in terms of the Sk{\xi + x^). It is given by the n x n matrix A over F2[A2], with 
entries 

"^'^ \2r-2k 



This is a lower triangular matrix, with all diagonal entries equal to 1, so is invertible 
over the ring F2[A2]. Let B = A-^ be its matrix inverse. Hence we get 



Sr{Xxi + X- ) = ^ Br,k{hk - ( ^ 



^ ^ ■ 2fc, 



Substituting this in the equation for C2r-i{E), we get equations 

C2r-1 (E) = A-/„,,(A,64,..., 

where 

Proof of (b) continued In the Example |3.3| , we have the desired equality Qi = fn,i- 
Note that the co homology ring H*{X) is the polynomial ring F2[A,xi, . . . ,x„], in 
which the n + 1 elements A, 64, ... , 64^ are algebraically independent, where 64^ = 

+ Ei<fc<r (2r-2fc)'^^''~^'''5'fc('^^» + ^i)" Hcuce as gi = fn,i in this example, we 
get gi = fn,i universally. 

This completes the proof of Proposition |3.2|. □ 



Example 3.4 The above proposition in particular gives the following identities in 
H*{BG0{2n)). 

Ci = al + nX for all n > 1, and 

C3 = 4 + — ^A^ + (n - 1)A64 for all n>2. 

6 



14 



4 Quadric invariants in even ranks 

The ring homomorphism : H*{BG0{2n)) H*{BG0{2n))[t] 

Proposition 4.1 The ring homomorphism 

Bifi)* : H*{BG0(2n)) ^ H*{BC*) ® H*{BG0(2n)) = H*{BG0(2n))[t] 

induced by the group homomorphism yU : C* x G0{2n) —>■ G0{2n) which sends 
{a,g) (-^ ag, is given in terms of the generators of H*{BG0{2n)) as follows. 

BifiyX = A 

B{ix)*hi = b4 + {aj + nX)t + nt"^ 



where the elements fn,i are as in Proposition 
B{ii)* ai = ai 



i=i ^ ^ 
5(Ai)*c?{i,2} = d{i^2} + na3t+ (^ait^ 



+ t'''^'^ * ''d{ij} where by convention d^k/} = for k = i. 

i=i j=i 

(We do not give a closed formula for B{^)* dx for a general T, but explain in the 
course of the proof how to explicitly compute B{fi)* dx for any given T .) 

Proof If T = {E., L, b) is a rank 2n triple, and K any line bundle, then cilL^K"^) = 
Ci(L) + 2ci{K) for the Chern class Ci. Hence ci(L K"^) = ci{L) in F2 coefficients. 
This gives A = A. 

Next we determine B{fi)*b4r, using the expression C2i{E) = b^i and the expression 



for C2j-i{E) given by the Proposition ^^2 

C2r{E0K) 



p=0 ^ 
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From this, the expression for B^^yb^r follows, using standard binomial identities 
modulo 2. 

Note that for any j > 0, any element of H'^^~^{BG0{2n)) is a sum of terms, 
each of which has an a2j-i or a c/r as a factor, and so is killed by A, so the 
map A : H^^-\BG0{2n)) H^^+\BG0i2n)) is identically zero, and hence n* : 
H'^i+^[BG0{2n)) H'^^+^{B0{2n)) is injective. As t has even degree, it follows 
that the graded ring homomorphism 9 : H*{BG0{2n))[t] H*{B0{2n))[w] of Re- 
mark ^TT] is injective on each graded piece of H*{BG0{2n))[t] of odd degree. It 



therefore follows from the commutative diagram in Remark |2T^ that one can calcu- 
late B[^)* a2r-i and B{fi)* dr by determining the images of W2r-i = 7r*(a2r-i) and 
of T.ieT^2i-iVT-{i} = i^*{dT) under : H*{B0{2n)) H*{B0{2n))[w] and 

then expressing them in terms of the generators (namely, 7r*(a2i-i), n*{ds), 7r*(64j), 
and 9{t) = w^) of the sub-algebra 9{H*{BGO{2n))[t]) C H*{B0{2n))[w]. This cal- 
culation is short in the case of the a2r-i, and in the case of dx it can be done by a 
standard algorithm using Grobner bases. As an example, we have given the answer 
when T has cardinality 2. □ 

The invariants A and ai 

The elements A and ai of H*{BG0{2n)) are in PH*{BG0{2n)) for all even ranks 
2n. The element Oi is commonly known as the 'discriminant', and is associated to 
the character if) : G0{2n) {±1} defined hj g ^ o"((7)"/ det{g) where recall that 
cr : G0{2n) — > C * was defined by the equality *gg = ci{g)I. It also has a well-known 
Gauss-Manin description in terms of the fibration V ^ X where V is the subvariety 
of P{E) defined by the vanishing of h. (So, is a quadric bundle in the original 
sense) . 

The ring of quadric invariants in rank 2 

In rank 2, we have B{^)*X = A, B{fi)*ai = ai, and B{fi)* 64 = 64 + {aj + X)t + 1^. 
Hence the ring of quadric invariants is 

PH\BG0{2)) = C E2^l^lM = H*{BG0{2)) 

(Aai) (Aai) 

The ring of quadric invariants in rank 4 

Generators for the subring PH*{BO{A)) C H*{BO{A)) of orthogonal quadric invari- 
ants have been given by Toda in Proposition 3.12 of [T], which we recall (correcting 
a minor misprint). 

Proposition 4.2 (Toda [T] Proposition 3.12) The elements wi, w| -|- wiw^, and 
W1W2W3 + wl + wfw^ generate the subring PH*{BO{A)) C H*{BO{A)). 

To give a set of generators for the ring of quadric invariants PH*{BGO{A)) C 
H*[BG0{4)), we combine the above and Remark |2.1| , with the following table of 



the action of B[ix)* in rank 4 which follows from Proposition ^ 
5(/i)*A = A 
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B{fi)*as = 03 + ait 

-B(/i)*(ii,2 = c?i,2 + dit"^ 

B{ij,y 64 = 64 + alt 

B{fiy bs = b8 + {al + X^ + Xbi)t + b^t^ + alt^ + 



Proposition 4.3 T/ie ring' PH*{BG0{4)) C H*{BGO{A)) of quadric invariants in 
rank 4 is generated by the elements X, ai, aia^, + 64, and a| + ai(i{i^2}- 

Proof Let P' be the subring of H*{BG0{4)) generated by the elements A, oi, 
oiOs + 64, and a| + aid{i^2}- We want to show that P' = PH*{BG0{4)). From the 
above table of the effect of B{^)*, it follows that these elements are indeed quadric 
invariants, so P' C PH*{BGO{A)). Further note that 7r*(A) = G H*{BO{A)), 
while the images under tc* oi x = ai, y = aia^ + 64, and z = a"^ + aid{i^2} are 
respectively the generators x' = Wi, y' = W2 + Wiw^, and z' = W1W2W3 + + wlw^ 
of the subring PH*{BO{A)) C H*{BO{A)). Let g e H*{BGO{A)) be any quadric 
invariant. By the Remark |2.1| , its image in H*{B0{4)) is an orthogonal quadric 
invariant, so is expressible as a polynomial p{x', y', z') by Proposition [4.2| . Hence 
/i = c, - p(a;, ;z) lies in the kernel of n* : H*{BGO{A)) H*{BO{A)). 

We claim that 

keT{PH*{BG0{4)) PH*[BO{A))) = Xk[X,bi] 

If the claim is true then to prove the proposition we have to show that for any 
polynomial p{X,b4), the element Ap(A, 64) lies in P'. This holds for the monomials 
of the form A*&4 for any i > and j > 0, in view of the equality A*64 = X'^y\ which 
holds as Aoi = 0. Hence the claim implies the proposition. 

Now to prove the claim we consider any polynomial g = (^(A, 64,68) ^ ^ [A, 64,63]. 
We have to show that if it lies in ker{PH*{BG0{4:)) — > PH*{BO{A))) then it lies 
in Xk[X,b^. We write the polynomial as (7 = Yl\=o'Pi{.X,b/!)U^, where pr(A,64) 7^ 0. 
Consider the equalities 

B{^Y{Xg) 



Using the fact that B{^)*{bs) 
the coefficient of f^^ in the expression for B{fi)*{Xg) is exactly equal to Apr(A,64), 



= 5^(Ap,(A,64))6^ 

r 

- 5^i?(/i)*(Ap,(A,64))i?(/i)*(6^) 

i=0 
r 

- 5^(Aj9.(A,64))(5(/i)*(68))\ 
bs + ajt^ + 64)^^ + (ai + A^ + Xb^^'^ + we find that 



17 



which is a contradiction unless r = 0. Hence g = po{X, b^). This completes the proof 
of the claim, hence the proposition. □ 



The ring PH*{BGO{Am + 2)) of quadric invariants in rank 4m + 2 

We first recall the following short exact sequence which is used in [H-N] to compute 
the cohomology ring of BG0{2n) (in the present case, BG0{4m + 2)) 

^ AF2[64, • • • , bsm+i] ^ H* (BOO {Am + 2)) ^ C ^ 

where C is the subring of H* {BO {Am + 2)) which is the image of vr* : H*{BGO{Am + 
2)) H*{BO{Am + 2)). We recall from [H-N] that C equals the kernel of the 
derivation di = s = Zl^ai-ig^I H*{BO{Am + 2)) = F2[wi, . . . ,WAm+2]- 
Recall that by Remark U, for \ = H*{BO{Am + 2)) and A' = H*{BGO{Am + 2)), 
the map n* : A' ^ A maps PA' PA. Also recall from [H-N] that the map 
TT* : A' —>■ A is injective in odd ranks. 

Generators a'2i-i, S't and P'^^ for the primitive ring PH*{BGO{Am + 2)) 
Consider the maps dj : A ^ A ior J > I, defined by dj{wr) = By 
definition of the dj, we have PA C keT{dj) for j > 1, in particular, the elements 
a2i-i and St G PH*{BO{Am + 2)) are in the kernel of the map dj for j > 1. Hence 
these elements lie in C = ker((ii) = im(7r*). As the map vr* is injective in odd ranks, 
there exist unique elements 

a'si-i e H^'-\BGO{Am + 2)) for 1 < z < 2m + 1 

and 

6't e H'^^P^-\BG0{Am + 2)) for T = C {2, . . . , 2m + 1}, r > 2 

such that they map to a2j-i and 6t respectively. By the injectivity of n* in odd 
dimensions, these elements actually lie in PH*{BGO{Am + 2)). 

Recall the definition of the elements /?4j G PA by 

jSii = wji + W2i-i{w2iWi + W2i-iW2) for 2 < i < 2m + 1 

As W2iWi+W2i~iW2 = di{w2iW2) and diodi = 0, W2iWi+W2i-iW2 G ker((ii) = im(7r*). 
As W2i'Wi +W2i-i'W2 £ H'^'''^^ {BO {Am + 2)) is of odd rank 2i + l, there exist a unique 
element 

g2i+i G H*{BGO{Am + 2)) with 7r*{g2i+i) = W2iWi + W2i-iW2 

Recall from the Appendix the definition of elements q G H*{BGL{Am + 2)) for 
i > 2, following Toda [T]. We now define elements b^i by 

64. = p*{c2i) G H^'{BGO{Am + 2)) for 2 < i < 2m + 1 

where p* : H*{BGL{Am + 2) ^ H*{BGO{Am + 2)) is the map induced by the 
inclusion GO{Am + 2) ^ GL{Am + 2). Then we observe that 7r*(64j) = Wgj, as 



18 



Cj ^— s> as already seen. We define the element j3'^^ G H^'^{BG0{4m + 2)) by the 
equality 

(^'a = hi + a'2i-ifi'2i+i for 2 < i < 2m + 1 

so that we have 

Lemma 4.4 The elements f3\i lie in PH*{BGO{Am + 2)) C H*{BGO{Am + 2)). 
Proof By definition of (?2i+i, we have n*{g2i+i) = W2iWi + W2i-iW2- Hence, 

5(/i)*(7r*(5(2i+l)) = B{fiy{w2iWi + W2i-lW2) 

= {w2iWl + W2i-lW2) + W^W2i-l 

Therefore by the commutativity of the square 

H*{BG0{2n)) ^* H*{BG0{2n))[t] 

i i 
H*{B0{2n)) ^* H*{B0{2n))[w] 

we see that 5(/x)*(^2i+i) = te+i + ^'2^-1 + tXf for some / G i/2i-3(^5(2'0(2n))[t]. 
As Aa'2i-i = 0, B{fi)*{a'2i-ig2i+i) = oi'2i-ig2i+i +toi%_^. This equality is used in 
the third line of the following chain of equalities: 



B{^)*{(3\i) = B{^)*{hi + a2i-ig2i+i) by definition of (3\i, 

= B{ii)*{p*{c2i)) + B{^y{a2i^ig2i+i) by definition of 64*, 

= p*{B{fi)*{c2i)) + a'2i-i5'2i+i + tci^^i as explained above, 

= hi + a'2i-ig2i+i + t{p*{c2i-i) + a'2i-i) 

The last line above follows from the fact that B{fi)*(c2i) = C2j + ^C2j_i and that 
p* oB(/i)* = B{ij,)*op*. 



Hence to complete the proof of the Lemma [4 .41, it is sufficient to prove the following. 



Lemma 4.5 With the above notations, we have p*{c2i-i) = a^^i for 2 < i < 
2m + 1. 



Proof of Lemma We first observe that B{^)*{p*{c2i-i)) = -S(/i)*(a'2i_i) 



W2i-i- Hence p*{c2i-i) = ^'21-1 + -^^^ where h = h{X, 64, ... , hm+i)- We just have 
to show that h = 0. 

For that we consider the group homomorphisms r : 0(2) x 0(2m + 1) 0(4m + 2), 
r' : GO(2)xO(2m + l) ^ GO(4m + 2) and r" : GL{2)xGL{2m + l) GL(4m + 2), 
induced by the tensor product (g) C^™"*""*^ ^ (^Am+2^ These fit in the following 
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commutative diagram of group homomorphisms, in which the vertical maps are 
natural inclusions. 



0(2)xO(2m+l) ^ 0(4m + 2) 

i ^ i 

^0(2) X 0(2m+ 1) ^ G0{Am + 2) 

GL{2) X GL{2m + 1) ^ GL{Am + 2) 
Hence we get the following commutative diagram of ring homomorphisms. 

H*{BGL{Am + 2)) H*{BGL{2)) (g) H*{BGL{2m + 1)) 

P* i i P*^{pit)* 

H*{BGO{4m + 2)) H*{BG0{2)) ^ H*{B0{2m + 1)) 

n* I I 7r*(g)id 

H*{B0{Am + 2)) H*{B0{2)) ® H*{B0{2m + I)) 

By Propositions U and U we have 5(r")*(c2i_i) = and 5(r')*(a2i_i) = 0. These 
facts imply that B{T")*{\h) = 0. From this, we can deduce that A/i = by means of 
the following lemma (statement [4.6| .(3) below), completing the proof of the Lemma 
p. 

Lemma 4.6 With the above notations we have 

(i) B{t')*{X) = a (g) 1, where we also denote by A the class Ci(L) G H*{BG0{2)), 
(a) The map B{t')* is injective on F2[A, &4, . . . , &8m+4]- 

Proof of Lemma ^.6| : To prove the first part, we use the commutativity of the 
square 

H*{BGO{4m + 2)) H*{BG0{2)) H*{B0{2m + 1)) 

TT* I I 7r*®id 

H*{B0{Am + 2)) H*{B0{2)) (g) H*{B0{2m + 1)) 

and the fact that the map 

®}^o{H\BGO{2)) H^-\B0i2m + 1))) ^ eLo(^'(^0(2)) ® H'^-\B0{2m + 1))) 

is injective. This implies that the image of A under the map B{t')* is contained in 
H'^{BG0{2)) (g) H^{B0{2m + 1)). But the Kiinneth projection 

H*{BG0(2)) ® H*{B0{2m + 1)) ^ H*{BG0{2)) 

composed with B{t')* is a map H*{BG0{Am + 2)) H*{BG0{2)) which is induced 
by the inclusion G0{2) C GO{Am + 2) defined by 

A ^ 
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Hence the map H*{BGO{Am + 2)) ^ H*{BG0{2)) takes X^\. This imphes that 
B{t')*{\) = a ® 1. This completes the proof of the first assertion. 

For proving statement (ii), first consider the commutative square 

H*{BG0{Am + 2)) H*{BG0{2)) ® H*{B0{2m + I)) 

i i B{ur 

H*{B0{Am + 2)) H*{B0{2m + 1)) 

where B[i)* is induced by the the inclusion 



i : 0(2m + 1) 0(4m + 2) : A 



A 

A 



and u : 0{2m + 1) — > G0{2) x 0{2m + 1) is the homomorphism defined by 
g I— s> (1,5'). It follows from the definition of B{i)* that B{i)*{w2j) = w|. Hence 
for any polynomial p{w2, ... ,10^^+2) we have B{i)*{p) = p{wl, . . . ,wl^^^). By 
the commutativity of the above square it follows that for any polynomial p = 
p{W, . . . , 63^+4) e H'{BGO{Am + 2)) we have B{t'){p) = 1 ® p{wl . . . , + q 

where g G ^^^W{BG0{2)) ® W~\B0{2m + 1)). 

Now consider a polynomial p = p(A, 64, ... , 68m+4 ) G ^r2r(;5(^o(;4^ + 2)). Writing 
it as p = ^i=Q A*Pi(64, . . . , &8m+4)5 let £ be the smallest integer such that 
P(,{hi, . . . , hsm+i) 7^ 0. Then we see that B{t'){p) = X^®pi{w\, . . . , + where 

q G ®f^^^^W{BG0{2)) ® H^'-^{B0{2m+ 1)). Hence B{t'){p) ^ 0. This proves 
Lemma [4.6|.(ii), and hence completes the proofs of the Lemmas |4.5| and ^4.4|. □ 



Proposition 4.7 The map PH*{BG0{Am+2)) PH*{B0{Am+2)) is surjecUve. 



Proof We know that PH*{BO{A'm + 2)) is generated by elements of the form 
C(2i-i, Pa and 6t. These are the images of a'2i-i, P'^i and 5^ in PH*{BGO{4:'m + 2)), 
so the proposition follows. □ 



Theorem 4.8 The primitive subring PH*{BG0{Am + 2)) C H*{BG0[Am + 2)) is 
generated by the finite set consisting of the following elements. 

(i) The element \, 

(ii) the element a'l = ai, 

(Hi) the elements a' 2i-\ for 2 < i < 2m + 1, 

(iv) the elements jS'^j for 2 < j < 2m + 1, and 

(v) the elements 6't, for T C {2, . . . , 2m + 1} with cardinality \T\ > 2. 



Proof Let P' be the subring of PH*{BGO{Am + 2)) generated by the elements 
listed in the statement of the theorem. We want to show that P' = PH*{BG0{4m + 
2)). By Proposition U the map P5(/i)* : PH*{BGO{Am + 2)) PH*{BO{Am + 
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2)) is surjective. As its kernel is AF2[A, 64, • • • , bgm+i] n PH*{BGO{Am + 2)), it is 
enough to show that we have the following inclusion of sets: 

AF2[A, 64, ... , hm+i] n PH*{BGO{Am + 2)) c P' 

Consider any polynomial p = p(A, 64,..., h^m+i)- We can write ha as 64 j + z where 
^ is a polynomial in elements of H^[BG0{4,m + 2)) for j < 4i (this holds because 
the elements 64^ and 64^ come from the elements C2i and C2i of H^''{BGL[4'm + 2)), 
and the corresponding statement holds in H*{BGL{4m + 2))). 

As A annihilates odd degree elements of H*{BG0{2n)), we can assume that z 
is a polynomial in the elements A, 64, ... , 641-4. We substitute this in p to con- 
clude, by iteration, that the polynomial Xp is an element of AF2[A, 64, 63, ■ ■ ■ , bsm+4]- 
It follows from the definition of /3'4j that XP'^^ — Xb^i. This implies that for 
any polynomial p = p(A, 64, • • • , bsm+'i)^ have Xp e AF2[A, 64, /^g, . . . , P'sm+i]- 
Now let p = J2l=obiPi{p8, ■ ■ ■ , P'sm+J) e H*{BG0{4m + 2)) be such that Xp e 
AFaiA, 64, ... , 68m+4] n PH*{BG0{4m + 2)). Suppose r > 1. As B{^j)*{pi) = p, and 
B{ii)*{b/^) ~ 64+aft+t^, the coefficient of in the expansion of B{iJi)* {^^^^{Xpi)^^ 
is equal to XpriP'g, . . . , P'sm+A)- Hence if Xp is in PH*{BGO{Am + 2)), we must have 
Xpr{(3'8, i^8m+4) = 0- Continuing this way, we get Xp = X-po{(3q, P'sm+i)- This 
lies in P', which shows the desired inclusion and completes the proof of the theorem. 
□ 

Remcirk 4.9 In fact the method of the proof gives us the short exact sequence 

^ F2[A, P's, . . . , P'sm+4] ^ PH*{BGO{Am + 2)) ^ PH*{BO{Am + 2)) ^ 

which can be used to write down the relations in the ring PH*[BGO{Am + 2)). 
Similarly, we can write the relations between our generators of PH*{BO{A)). We 
do not include the description of relations in this paper, as it does not contribute 
here to our main theorems on degenerating quadric bundles. 



5 The Gysin boundary map 

Lemma 5.1 Let Y he a Hausdorff topological space, and let n : N ^ Y be a real 
vector bundle bundle on Y , of real rank r. Let No G N denote the complement of the 
zero section i : Y ^ N of N ^ Y. With the above notation, the following diagram 
is commutative 

HP{N) X H^iNo) ^ HP+i{No) 

i* i d i di 

HP{Y) X Hi-''+\Y) ^ HP+i-'-+\Y) 

In other words, given a e Hp{N) and b e H'^{No), we have d{aUb) — i*{a)Ud{b) e 
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Proof Let r G H^{N, No) be the Thorn class, so that for each p we have the Thorn 
isomorphism T, which is the composite 

T : HP{Y) ^ H'P{N) ^ H'p+'XN, No) 

where both vr* and — Ur are isomorphisms. The Gysin boundary map d : H^{No) 
}{p-'^'+^{Y) is the composite 

d : H^{No) ^ HP+\N,No) HP-'-^\Y) 

of the connecting homomorphism S for the pair {N, No) with the inverse of the 
Thom isomorphism T. If a G Hp{N) and /3 G H'^~'^~^^ (N) , then by associativity of 
cup product, (a U /?) U r = a U (/? U r), in other words, the following diagram is 
commutative. 

HP{N) X m-'-^^iN) ^ HP+'^-'-+\N) 

id I Ur I Ur I 

HP{N) X H'^+'^{N,No) ^ HP+'i+\N,No) 

By composing with the isomorphism vr* : H*{Y) H*{N), this gives the following 
commutative diagram, where T is the Thom isomorphism. 

i7P(A^) X H''+\N,No) ^ HP+'i+\N,No) 
Hence as i* is the inverse of vr*, the following diagram commutes. 

HP{N) X H''+'^{N,No) ^ HP+'i+\N,No) 
HP{Y) X ^ /7P+9-'^+i(y) 

For any integer p, let 6 : Hp{No) — > Hp~^^{N,No) denote the connecting homo- 
morphism for the singular cohomology of the pair {N,No). For any integers p and 
q, consider the cup product maps HP{N) (g) H'^{No) Hp-^^No) and Hp{N) ® 
H'i+^{N,No) HP+'^+\N,No). It is known that these fit in a commutative dia- 
gram 

HP{N) X H^iNo) ^ HP+^{No) 

id I S [ S [ 

HP{N) X H''+\N,No) ^ HP+'i+\N,No) 
Now the lemma follows by juxtaposing the above two commutative diagrams. □ 

Remark 5.2 The above lemma is for coefficients F2. A version with arbitrary 
coefficient ring R is possible, where we have to assume that is orientable with 
respect to coefficients R, and the conclusion is that the the diagram in statement 
|5?1| is graded-commutative, that is, d{a U b) = (—l)^'^^^"-^i*{a) U (9(6). 
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Remark 5.3 We will apply the above lemma in the following situation. Let X 
be a topological space and i : Y ^ X closed subspace which is a topological 
divisor in X, that is, there exists a rank 2 real vector bundle ti : N Y over F, 
together with a continuous map ip : N ^ X which is a homeomorphism of N with 
an open neighbourhood f/ of F in X, such that if restricted to the zero section 
Y <Z N is idy. Composing the restriction H^^X — Y)^ H^{U — Y) with the map 

HP{U -Y)^ HP{No) and the Gysin boundary map d : Hp{No) Hp-\Y), we 
get a map 

d : HP{X -Y) ^ HP-\Y) 
which is by definition the Gysin boundary map for the pair (X, Y). It can be shown 



that the map d is independent of the choice oi tc : N Y and ip. The Lemma |0 
implies that given a G Hp{X) and b G H'^{X — Y), we have 

dia U 6) = i*ia) U 9(6) G Hp+''-'-+\Y) 



Remark 5.4 We now summarize the properties of the Gysin boundary map that 
we will use. Let L — y be a complex line bundle. Let Lq C L be the complement of 
the zero section, and let ir : Lo ^ Y be the projection. Let d : H*{Lo) H*~^{Y) 
be the Gysin boundary, and tt* : H*{Y) H*{Lo) the pullback under it : Lo —>■ Y . 
Let s = IT* o d : H*{Lo) H*^^{Lo). Let /i : C * x ^ Lo be the scalar 
multiplication, and let p : C* x L^, —>■ Lg he the projection. Let r] G H^{C*) be the 
generator. Let Sq* denote the i th Steenrod operation. Then for any x, x' G H*{Lo) 
and y G H*(Y), we have the following basic equalities. 

d{xU7T*y) = d{x)Uy (1) 

= ri0s{x) (2) 

dSq'x = Sq'dx (3) 

= (4) 

s{x U x') = s{x) U x' + X U s{x') (5) 

The property (1) is given by Lemma f).l[ The properties (2)-(5) are proved in Section 
2 of [H-N]. Note that property (5) can be expressed by saying that the map s is a 
derivation on the cohomology ring H*{Lo). The above equalities are used only in 
the explicit computations of the Gysin boundary images of the quadric invariants 
(see Section 8). 



6 Topological vanishing multiplicity 

Definition of vanishing multiplicities 

Let X be a 2-dimensional real vector space, together with an orientation, and let L 
be a 1-dimensional complex vector space. Let f : N — {0} ^ L — {0} be a map. 
We denote by z/o(cr) G Z the winding number of this map. Its sign depends on 
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the orientation on N, but its absolute value |i^o|(/) ^ and its parity i^rif) ^ 
{0, 1} C Z-° are independent of the orientation chosen. Here the parity i^rif ) is 
defined to be or 1 depending on whether jt'oK/) is even or odd. 
Next, we globalize the above. Let F be a Hausdorff space, of the homotopy type 
of a CW complex, and let vr : — > F be a real rank 2 vector bundle on Y. Let L 
be a complex line bundle on the total space of N. Let iV — y be the complement 
of the zero section Y G N, and let a G r(A^ — Y, L) be a section, which is nowhere 
vanishing. Choose an isomorphism 6 : L ^ 7r*(Ly) of complex line bundles, that 
is identity over Y (which exists by Remark |6.3| ). For any y & Y, a gives a map 
fy.Ny- {0} ^ Ly- {0}. The numbers |z/o|(/y) e and z7o(^) G {0, 1} C Z 
are well-defined, independent of the choice of the isomorphism 9 : L tt*{Ly) as 
follows from Remark Hence we regard them as functions on Y. As such, these 
are constant on path components of Y, so give functions 

|z/y|((T) : 7ro(F) ^ and z7y(a) : 7ro(F) ^ {0, 1} C Z 

If is orientable, then a choice of orientation gives rise to a function 

z/y(fT) : 7ro(r) ^ Z 

similarly defined. 

Definition 6.1 By definition of th singular cohomology, we thus have an element 
li^rKcr) G H^{Y; Z) which we call the absolute topological vanishing multiplic- 
ity, an element r'y (a) G H^{Y; Z) which we call the topological vanishing parity, 
and when A^ is given an orientation, an element z/Y(cr) G H^{Y]7j) which we call 
the oriented topological vanishing multiplicity of the non-vanishing section 

a G r(A^-r,L). 

Remark 6.2 More generally, if X is a paracompact, Hausdorff topological space, 
y C X is a topological divisor, L a complex line bundle on X, and a G r{X — Y, L) 
is a nowhere vanishing section, we can define the elements |z/y|(cr) G H^iY^Tj), 
T'y{<^) £ H^{Y; Z) by choosing a pair [N, if) where X is a rank 2 real vector bundle 
on Y and ip : N ^ X is an open embedding which maps the zero section of N 
identically to Y, and then applying the above definition to the puUback under ip. 
The resulting topological vanishing multiplicity and its parity u are well-defined, 
independent of the choice of the tubular neighbourhood {N,(f). Moreover, if the 
bundle N is orientable, then the choice of an orientation gives ^'y(a) G H^{Y; Z). 

For a definition of |z/y|((j) in terms of local cohomology, see [N]. 

Remark 6.3 As the zero section Y G N is a strong deformation retract of N, 
for any complex line bundle L on the total space N there exists an isomorphism of 
complex line bundles 9 : L ^ 'k*{Ly) which is identity on the zero section Y G N , 
where Ly = L|y, and any two such isomorphisms ^1,^2 '■ L 7r*(Ly) are related 
by 9i = where / : X — C * is a function such that / is homotopic to 1 relative 
to Y (in symbols, / ~ 1 rel F). 
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Remark 6.4 Let tx : N -^Y will be a real vector bundle of rank 2 on a space F, 
equipped with a fiber-wise Riemannian metric (that is, a continuous positive definite 
symmetric real bilinear form on N). Let a G r(A^ — Y^L) be a nowhere vanishing 
section with |i/y|((T) 7^ 0. Then N is orientable, and has a unique orientation such 
that i'y{o') is positive. This orientation, together with the given metric, defines a 
C-linear structure on N. Using this, we can regard iV as a complex line bundle. 

Lemma 6.5 Let N Y be a rank 2 real vector bundle on Y , let D G N be the disk 
bundle over Y of radius 1 with respect to a metric on the vector bundle N, and let 
dD denote the boundary of D. Let g : dD ^ C* be a continuous function such that 
the restriction of g to any fiber of p : dD ^ Y is homotopic to a constant function. 
Then g : dD — > C * admits a prolongation g : D ^ C* . 



Proof By working on one component of y at a time, we can assume that Y is 
connected, that is, noiY) = 1. Consider the homotopy exact sequence 

n^{S') h m{dD) ^ n,iY) ^ 1 

for the fibration dD Y, where i : "-^ dD denotes one of the fibers. The 
hypothesis of the lemma shows that the homomorphism g^, : 7[i{dD) 7ri(C*) is 
trivial on the image of vri(S'^) 7ri{dD), so factors through 'Ki{dD) ^ T^iiY) giving 
9 : 7ri(F) 7ri(C*). By identifying tti^D) with 7ri(F) via the projection D ^ Y, 
we have a group homomorphism 6 : T^iiD) 7ri(C*). As C* is a K{7[, l)-space, 
every group homomorphism 7ri(X) —>■ 7ri(C *) for a CW complex X is of the form 
for some continuous function / : X ^ C * which is unique up to homotopy. We can 
therefore choose a function / : D — > C* with f^ = 9: 7ri(D) 7ri(C*). On dD, we 
have (7* = {f\dD)^:, so by the above there exists a homotopy H : dD xl —>■ C* from g 
to f\dD. Now let D1/2 C D denote the disk bundle of radius half, and let D'^^^^ denote 
its interior. Note that we have a canonical homeomorphism ip : dD x I ^ D — D'^j^, 
defined by the formula ip{v,t) = (1 — t/2)v. Now define g : D ^ C* hj putting 

-( \- f Ho^-^{v) for \\v\\ > 1/2, 
^^""^ ~ \ f for \\v\\ < 1/2. 

This proves the lemma. □ 



Lemma 6.6 (Non- Vanishing prolongation) Let N ^ Y be a rank 2 real vector 
bundle on Y equipped with a metric, let L be a complex line bundle on N, and let 
a e r{N,L) be a global section, which is non-vanishing outside Y, with |z/y|(cr) = 0. 
Then the line bundle L is trivial on N, and moreover there exists a non-vanishing 
global section a' e r(A^, L) such that a' and a coincide on the open set N — D, where 
D <Z N be the disk bundle over Y of radius 1. 



Proof We first prove that L is trivial on A^, equivalently, that the restriction 
M = L\y is trivial on Y. We can assume by Remark |6.3| that L = 7r*(M) for the 
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projection n : N ^ Y . hei N° = N - Y und M° = M -Y , and lei u : N" ^ Y 
and /i : M° Y denote the projections. We have the commutative diagram of 
homotopy exact sequences 

7t2{Y) ^ 7ri(iV°) ^ 7ri(iV") ^ t,,{Y) ^1 

7r2(r) ^ 7ri(M^«) ^ 7ri(M°) ^ 7ri(r) ^1 

where the middle two vertical maps are induced by a. As |z/y|((T) = 0, the map 
7ri(iV°) — i> 7ri(M°) is zero. Hence from the above diagram there exists a group 
homomorphism tp : 7ri(F) — > 7ri(M°) such that n^otp = id.„^{Y)- 

As complex line bundles M are classified by their first Chern class Ci(M) G H^{Y; Z), 
we have to show that Ci(M) = 0. Given any non-zero element c of H'^{Y;7j), 
there exists a compact 2-manifold K and a continuous map f : K —>■ Y, such that 
/*(c) ^ in H^{K;Z). The section G T{f*NJ*L) has the same vanishing 

multiplicity as a. Hence we can base change to K, and therefore we can assume 
that y is a compact 2-manifold for the sake of proving that L is trivial. 

Unless such a y is homeomorphic to 5*^ or (we treat these two cases separately 
later), we know that F is a K{tt,1) space. Hence it follows from the homotopy 
exact sequence for /i : M° Y that M° is also a K{7i, 1) space. Hence the group 
homomorphism ip : vri(y) 7ri(M°) is induced by a map s : F — > M°. As 
yU* o = id7r^(y), and as y is a K^n, 1) space, the map fio s : Y ^ Y is homotopic to 
idy. Hence by the homotopy lifting property of fi : M° — > Y, the map idy : Y ^ Y 
lifts to give a section of /i, proving triviality of M. 

Next, suppose Y = S^. Then M = 0{d) for d e Z , with ci(M) = de H'^(Y; Z) = Z. 
It can be seen that 7ri(M°) = Z/{d). Now as the map 7ri(iV°) — *• 7ri(M°) is zero, 
from the above commutative diagram comparing the long exact homotopy sequences 
we see that the map vr2(F) — >• 7ri(M°) is zero, hence the map 7ri(M°) — > 7ri(M°) is 
an isomorphism, showing 7ri(M°) = Z, therefore M is trivial when Y = S"^. 

Finally, suppose Y = P^. Then as H^{Y] Z) = Z/(2), F has exactly one non-trivial 
complex line bundle M , up to isomorphism. It can be seen that for this M, we have 
7ri(M°) = Z, so there cannot exist a section to tii{M°) T^iiX) = ^/(2). Hence M 
must be trivial, even when Y = P^. 

Now choose a non-vanishing global section e of L, and let g : dD — > C * be defined 
hj a = ge on dD. The hypothesis z/y((T) = implies that the restriction of g to any 



fiber of p : dD — > F is homotopic to the constant function 1. By Lemma above, 
g admits a prolongation g : D C*. Put a' = 'ge on D, and a' = a on N — D. 
This proves the lemma. □. 



Lemma 6.7 Lei Y be a connected H aus dor ff space of homotopy type of a CW com- 
plex, and let TT : N Y be a real vector bundle on Y of rank 2, with a metric. 
Let M ^ Y be a complex line bundle on Y, let L = 7t*{M), and let u G r(A^, L) 
such that u is non-vanishing on N — Y and I'viu) = m > 1. Let N be given the 
C-linear structure induced by the orientation defined by u (see Remark \6.4\ ), making 
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it a complex line bundle on Y . Let iV™ he the m th tensor power of the complex line 
bundle N . 

Then we have the following. 

(i) The complex line bundle M is isomorphic to . 

(a) In fact, there exists an isomorphism ip : A^*" ^ M of complex line bundles on Y 
with the following property. Let r e r(iV, 7r*(A^)) be the tautological section (defined 
by id : N ^ N), and let r™' G r(A^, 7r*(A^™)) be its m th power. Consider the section 
ipiT"") G T{N,L), and let f : N -Y ^ C* be defined by u\n-y = f ■ V'(^'")k-y. 
Then f is homotopic to the constant function 1. 



Proof As z^y('u) 7^ 0, by Remark Wa u defines an orientation on the real vector 



bundle A^. Together with the chosen metric on A^, this gives a C-linear structure 
on A^, so we regard it as a complex line bundle. Let K be the complex line bundle 
on Y defined hy K = M ® A^"". Let ti*{K) denote the pullback of K to the total 
space of A^. Let the continuous map f : A^ — > M be the composite of the section 
u : N ^ N Xy M with the projection N Xy M ^ M. (Note that v is over Y, but 
may not be linear on fibers.) Given any x & N — Y over y ^Y, let 

a. : {Nyf"' ^ My 

be the unique C-linear map under which x®"^ ^— v{x). We can regard as an 
element of Ky, and as x varies we get a section cr g r(A^ — Y,7i*{K)). From the 



hypothesis that z/y(u) = m it follows that z/y(cr) = 0. Hence by Lemma |6.6| , the 
complex line bundle K is trivial. This proves (i). 

Now suppose ipi : N ^ M is some isomorphism of complex bundles, which exists by 
(i). Consider the resulting section V^i(r'") G r(A^, Mat), and let /i : A^ - F ^ C * be 
defined by m = fiipi{T^). As both u and ■?/'i(r"*) have oriented topological vanishing 
multiplicity 1 along F, it follows that /i has topological vanishing multiplicity 
along Y . By Lemma |675| , there exists a function /2 : A^ — > C* such that f2\N-D = 
fi\N~-D where D C A^ is the unit disk bundle in A^. Now put ip = /2'?/'i(t™'). Then 
u\n-y = f ■ "iplN-Y, where / = /1//2 : N — Y C* . As f\N-D is the constant 
function 1, and asA^ — D^A^ — Fisa homotopy equivalence, f\N-Y is homotopic 
to the constant function 1. This proves (ii) and completes the proof of the lemma. 
□ 



7 Proof of the Main Theorem 

In this section we allow the singular cohomologies to have coefficients in an arbitrary 
ring R. 

Vanishing multiplicity of discriminant 

Recall that for any triple {E, L, h) on X, the form h is given on a trivializing open 
cover of X by r X r matrices of functions (where r = rank(£')), whose determinants 
fit together to define a global section det(6) G r(X, L*" ® det(£')~^) called the dis- 
criminant of {E,L,b). It is clear that if K is any line bundle on X, then for the 
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triple {E®K,L®K'^^,hmK) we have det(6®lx) = det(6) G V{X, U ®<lei{E)-^). 
Hence for a quadric bundle Q = [E, L, b], the section det{Q) = det(6) is well defined. 

The non-degeneracy condition on {E,L,b) just means that det(6) is nowhere zero. 
More generally, if Z C X is the vanishing locus of det(6) then the restriction 
{E, L, h)\x-z is non-degenerate. 

Now consider a pair (X, Y) where X is a topological space, and Y a topological 
divisor in X. Given a quadric bundle Q = [E,L,b] on X which is non-degenerate 
on X — y, the non- negative integer valued functions |i/y |(det((5)) and z7y(det((5)) 
on Y are the absolute vanishing multiplicity of the discriminant det(6) along Y, and 
its parity, as in Definition |6.1| and Remark |6.2| above. 

Minimally degenerate quadric bundles and canonical triples 

Recall from the introduction that a triple T = {E, L, b), or the corresponding quadric 
bundle Q = [E, L, b] on a base Y is minimally degenerate if rank(6j;) = rank(i?) — 
1 at all points y eY. This means that the linear map b : E ^ L® E* is oi constant 
rank, with kernel a line subbundle K <Z E. Let E = E/K he the quotient bundle, 
on which we get an induced bilinear form b : E ® E ^ L which is non-degenerate. 
Hence we get a non-degenerate triple T = {E, L, b) of rank r — 1 where r = rank(ii^). 
Recall that we have defined the canonical triple T*^ associated to such a minimally 
degenerate quadric bundle Q to be the non-degenerate rank r — 1 triple 

= r® ker(6)-i = (E® K-\ L ® K'^ ,b ® Ik^i) 

This is well-defined, independent of the choice of the representative T for Q. It 
represents the non-degenerate quadric bundle Q = [T] of rank r — 1. 

Mild degeneration 

Let y C X be a topological divisor. Recall from the introduction that we call 
T = {E, L, b) a mildly degenerating triple on (X, Y) if Tx-y is non-degenerate 
of rank r say, and Ty is of constant rank r — 1. We say that the corresponding 
Q = [T] is a mildly degenerating quadric bundle on (X, Y) of generic rank 
r. 

In the algebraic category, we have the following. 

Proposition 7.1 Let X be a non-singular complex algebraic variety, and letY G X 
be a smooth divisor. Let Q ^ X be mildly degenerating quadric bundle over (X, Y) 
in the algebraic category. Then the following are equivalent. 

(i) The total space of Q is non-singular. 

(a) The algebraic vanishing multiplicity uyidetiQ)) (which is the same as the ori- 
ented topological vanishing multiplicity with respect to the natural orientation) is 1 
over all components ofY. 



Proof This is a simple generalization of the Proposition 3 of [N], and follows by 
the Jacobian criterion. □ 

Orthogonal decomposition 
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Definition 7.2 (Direct sums of triples) Let {Ei,L,bi) and (£"2,^,62) be two 
triples on a space X, where the hne bundle L is common to the two triples. We 
define the direct sum of {Ei, L, 61)® (£'2, L, 62) to be the triple {Ei®E2, L, 6i®62), 

where hi © 62 has the matrix form ^ ^ ^. More generally, if {Ei,Li,bi) and 

{E2, L2, 62) are two triples, and we are given an isomorphism ip : Li ^ L2, Then the 
triple {El, L, bi) (£2, L, 62), which we call the direct sum via ■0, is defined to 

be {El © £'2, -^2, i^bi © 62), where -^^i © 62 has the matrix form 

Lemma 7.3 Le^ tt : N ^ Y be a rank 2 rea/ vector bundle, and let {E, L, b) be 

a mildly degenerating triple on {N,Y), of generic rank r. Let the line suhhundle 
K C Ey he the kernel of the restriction of b to Y, and let [Ey / Ly ^by) he the 
non- degenerate triple of rank r— 1 on Y , where by is induced by b. Then there exists 
a bilinear forra b' : 7i*{K) ® n*{K) — > 7i*{Ly ) such that the triple {E,L,b) on N is 
isomorphic to the direct sum 

{E, L, b) ^ {7r*{K), 7r*{Ly), b') © 7r*{Ey/K, Ly, b^) 




Proof As y C is a strong deformation retract, we assume without loss of 
generahty that E is of the form t^*{Ey) and L is of the form 7r*(Ly). We choose a 
Hermitian metric hy on the vector bundle Ey. Let Ey be the orthogonal complement 
of K in Ey with respect to hy. Then the quotient map Ey Ey/K gives an 
isomorphism Ey — >■ Ey/K. 

Let E" = 7r*{E^) which is a rank n-1 subbundle of_£ = 7r*{Ey). Let b" : E"®E" 
L be induced hy b : E ® E ^ L. Note that 6"|y = 6y , so the discriminant det(6") is 
non-zero on Y . Since Y is paracompact we can find a positive continuous function 
/ on y such that for any x & N we have det{b").j. ^ whenever < < f{n{x)). 
By scaling the metric using /, we assume that det(6")^ ^ whenever < < 1. 

Consider the continuous map : N ^ N defined by 

{ \ / ^ if II •'3^11 5; 1) 

^ \ x/\\x\\ if \\x\\ > 1. 

The triple {E, L, b) on is then isomorphic to the pullback 7*(£, L, b), which allows 
us to assume without loss of generality that the restriction b" — b\E" is everywhere 

non-degenerate on A^. 

Let £" C £ be the orthogonal complement of E" with respect to the form b : 
E ® E ^ L. As 6 is non-degenerate on £", it follows that E' is a line subbundle of 
£. Prom its definition, we have the following equahty of subbundles of Ey 

E'\y = K C Ey 

Let b' = b\E'- By its construction, the triple {E',L,b') on A^ is non-degenerate of 
rank 1 on A^ — F , and degenerates on Y, and we have the direct sum decomposition 

(£, L, b) = (£', L, b') © (£", L, b") 
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Note that as (£"', L, b") is non-degenerate, it is equivalent to a principal GO{n — 1)- 
bundle P on N. As F C is a strong deformation retract with inverse n : N ^ 
Y, it follows that P is isomorphic to tt*{P\y). Hence {E",L,b") is isomorphic 
to 7t*{Ey/K, LyjbY)- Also note that for the same reason, the line bundle E' is 
isomorphic to it*K. This completes the proof of the lemma. □ 

Non-degenerate prolongation when |z/y |(det(6)) = 

Lemma 7.4 If the absolute vanishing multiplicity |z/y|(det(6)) = 0, then there exists 
an everywhere non-degenerate symmetric bilinear form b^, : E ® E ^ L such that 6* 
coincides with b on N-^ = {f G A^ | ||f || > 1}. In particular, all quadric invariants 
a G H*{X — Y) of [E, L, b]x~Y prolong to H*{X) as the corresponding invariants of 
[E,L,b^:], hence map to under the Gysin boundary map H*{X — F) — H*^^(Y). 

Proof By Lemma \l.3[ we can assume that 

{E, L, b) = {ix\K), 7r*{Ly), b') © ti*{EyIK, LyM) 

As 6y is non-degenerate, it follows that |z/y|(det(6')) = |z/y|(det(6)) = 0. We now 
apply Lemma |6.6| with L = 7r*(Ly K^'^) and cr = det(6'). Hence there exists a 
non-vanishing section b'^ G r(A^, 7r*(Ly © K^^)) such that b'^ coincides with b' on 
N — D, where D G N is the unit disk subbundle. Consider the resulting triple 
(7r*(A:),7r*(Ly),6'J. Then the direct sum {n* (K) , n* (Ly) , b',) © ti* {Ey / K , Ly M) 
satisfies the lemma. □ 

Standard models of mildly degenerating triples 

In view of the above lemma, to prove the main theorem we only need to consider the 
situation where the absolute vanishing multiplicity |i/y |(det(Q)) > 1. Therefore, A^ 
has a unique orientation such that the oriented vanishing multiplicity z/y(det(Q)) > 
1. Together with the metric on A^, this defines a C-linear structure on A^. Hence in 
what follows, we assume that A^ is a complex line bundle, and ^'y(det(Q)) = m > 1. 

Now let r G r(A^, 7r*(A^)) be the tautological section defined by the identity homo- 
morphism N ^ N . Note that its m th tensor power r*" G r(A^, 7r*(A^™)), where 
is the m th tensor power of the line bundle A^, is non-vanishing outside Y and has 
oriented topological vanishing multiplicity m along Y . On the total space of A^, con- 
sider the triple {On, tt^N""), r"") where the bilinear form r"^ : On®On 7r*(A^™) 
sends 1 ® 1 ^-^ r*" G r(A^, 7r*(A^™)). Note that this triple is non-degenerate of rank 
1 outside Y and minimally degenerate on Y, with z/y (det(r'")) = m. 

Now let {F, N"^, q) be a non-degenerate triple of rank r — 1 on F , where r > 2. Then 
on A^ we have the direct sum triple 

M = (On, 7r*(Ar-), r'") © (F, AT™, q) 

From its construction, the above triple is mildly degenerating on {N,Y), with 
i/y(det(A^)) = m. 

We call this triple Ai as the standard model of a mildly degenerating triple on 
{N,Y), corresponding to the data {F,N"^,q), m. This name is justified by the 
Remark |7]^ which follows the lemma below. 
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Lemma 7.5 Let N Y be a complex line bundle, and let {E,L,b) be a mildly 
degenerating triple on {N, Y) of generic rank r, with oriented vanishing multiplicity 
^'y(det(6)) = m > 1. Let K C Ey be the kernel of by '■ Ey —* Ly Ey, and let 
{Ey/K, Ly, by) bc the induced non-degenerate triple of rank r — 1 onY. Then there 
exists an isomorphism ip : A^™ ® — » Ly of complex line bundles, such that on 
N — Y , we have an isomorphism of non- degenerate triples 

{E,L,b)N-Y = {ON-Y.n\N'^),T^)®T:*{K) 7r*{Ey/K,Ly,b^) 

where N"^ ® is identified with Ly via ip for defining the direct sum of triples on 



the right hand side as in Definition l.i, and n : N — Y ^ Y is the projection. 



Proof By Lemma 7.3, we can assume that 



(E, L, b) = in*{K), n*{Ly), b') © 7r*{Ey/K, Ly, b 



Y 



As by is non-degenerate, it follows that z/y(det(6')) = z/y(det(6)) = m > 1. We now 
apply Lemma ^ with M = Ly ® K''^ and u = det(6')- Let ijj : N'^ ^ Ly 
be an isomorphism of complex line bundles as given by Lemma |6.7| (ii), so that 



det(6')k-y = /-V^(r'")|iv- 



Y 



where / :A^ — F— »C*is homotopic to the constant map 1 : N — Y ^ £,* . Hence 
/ admits a continuous square-root g : N — Y ^ , with g^ = f. It follows that 
the scalar multiplication g : K —>■ K gives an isomorphism of triples 

(^?,id^) : {n*{K),7c*{Ly),b') ^ {n*{K),n*{Ly),^{T"^)) 

Substituting this in the direct sum decomposition of {E, L, b) at the beginning of 
the proof, the lemma follows. □ 



Remark 7.6 With notation as in the lemma above, let F be the vector bundle 
{Ey/K) ® on Y . Then under the isomorphism ip : iV™ © — ^ Ly, the triple 
{Ey / K,Ly,by) takes the form {F,N"^,q) © K. Hence the above lemma says that 
given any triple T = {E, L, b) which minimally degenerates on Y, there exists a 
standard model triple M = {On,tt*{N"'),t"') © 7r*(F,iV™,g) with the following 
properties. 

(1) The triples Ai ® K and T have isomorphic restriction on Y. 

(2) The triples M. ^ K and T have isomorphic restriction on N — Y. 

(3) The oriented topological vanishing multiplicity z/y(det(7W)) = h'y{det{J^ ^ K)) 
of Ai equals the oriented topological vanishing multiplicity i/y(det(T)) of T. 

Hence for the purpose of studying the topology of degeneration where z/y(det(6)) > 
1, we can confine ourselves to quadric bundles [A^] defined by standard models A^. 
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Proof of the Main Theorem for |i/|y(det((5)) even 
Let A/" — > y be a complex line bundle. Consider a standard model triple 

M = {On, 7r*(iV'"), r™) © 7r*(F, 7V"^, q) 

on N, where m — 2k > is even. We define a new triple by 

^f = (7r*(iV'=), 7r*(iV'"), t) © 7r*(F, iV™, q) 

where t : 7r*(A^^) © '7i*{N^) n*{N'^^) = ir*{N"^) is the tensor product. We have a 
morphism of triples / = (r^ id) : (Cjv, 7r*(iV'"), r™) ^ {TT*{N^),TT*{N''''),t), which 
together with identity on 7r*{F, N"^,q) gives a morphism g : Ai ^ M. From its 
definition, it is clear that g\N-Y is an isomorphism of triples an. N — Y , and also g\Y 
is an isomorphism of triples on Y . 

We have thus shown that for any mildly degenerating triple T on [N, Y) where N 
is a rank 2 real vector bundle on Y, such that |z/|y (det(T)) is even, there exists 
an everywhere non-dcgcncrate triple T' on N such that T is isomorphic to T' on 
N — Y. In particular, all quadric invariants a[TN-Y] G H*{N — Y) of [T]n_y prolong 
to H*{N) as the corresponding invariants of [T'], hence map to under the Gysin 
boundary map H*{N — Y) ^ H*~^{Y). This completes the proof of the main 
theorem when the topological vanishing parity I7y(det((5)) is zero. □ 

Proof of the Main Theorem for |i/|y(det((5)) odd 
Let A/" — > y be a complex line bundle. Consider a standard model triple 

M = {On, 7r*(iV™), r™) © 7r*(F, N"\ q) 

on N , where m = 2A; + 1 > is odd. We define a new triple H by 

U = {'k*{N^),t:*{N'^),t ot)® 7r*{F, N"", q) 

where t : 7r*(iV^) © 7r*(iV'=) ti*{N'^'') is the tensor product, and r : 7i*{N'^'') 
7r*(Ar2fc+i) ^ ^*^jYm^ -g induced by r e r(A^, 7r*(A^)). Again, we have a morphism 
of triples / = (T'=,id) : (Ojv, 7r*(A^"'), r"*) ^ {■K*{N''),7r*{N'^),t), which together 
with identity on n*{F, N'^,q) gives a morphism g : M. ^ J\f. such that g\N-Y is 
an isomorphism of triples on N — Y, and also gly is an isomorphism of triples on 
Y. Moreover, note that i/y (det(6A/')) = 1- The triple A/"© tt*{N~'') is the standard 
model triple 

M = {On, n*{N),T) © 7r*(F © A^-^ N,q^ 1^-*) 
with i/y(det(M)) = 1. Hence we have the following. 

Lemma 7.7 Let tt : N ^ Y be a complex line bundle. Given any standard 
model triple M. on N with oriented topological vanishing multiplicity z/y(det(7Vf)) = 
2/c + 1 > 0, there exists a standard model triple M on iV with the following three 
properties: (i) the triples Ai © tt*{N~^) and M have isomorphic restriction on Y , 
(a) the triples Ai © 7r*{N~'^) and M have isomorphic restriction on N — Y , and 
(Hi) The oriented topological vanishing multiplicity o/M zs 1. 
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Hence to prove the main theorem, it is enough to restrict ourselves to the case of 
quadric bundles [M] on N, defined by triples of the form 

M = {On, 71*{N),t) ® TT*{V, N, h) 

where {V,N,h) is a non-degenerate triple on Y. Note that for such an [M], the 
induced canonical triple T^^^ on Y is just (V, N, h). 

Pairs of classifying maps 

Let T = (y, A^, h) be a rank m non-degenerate triple on Y . On — N — Y, the 
restriction of the tautological section r : On ^ 7r*{N) admits an inverse tjv^. We 
get a non-degenerate pair tN„(T) = {'n'*{V),tN^ o 7r*(6)) of rank m on — F (which 
means o 7r*(6) is an CAr_y- valued non-degenerate symmetric bilinear form of 
rank m on 7r*{V)). Let BGO{m) be a classifying space of GO{m), where m > 1, 
and let U — (E,L,b) denote the universal triple on BGO{m). Consider the non- 
degenerate pair ti^{U) on Lo = L — BGO{m), which gives an identification of Lq 
with the classifying space BO{m) of 0{m). Let r] -.Y ^ BGO{m) be a classifying 
map for {V,N,b). By the defining property of a classifying map, there exists an 
isomorphism of triples (a, /3) : T — > rj*U where a : V ^ rj*'E and (3 : N ^ rj*L are 
vector bundle isomorphisms which take b to ri*h. Let rj' : r7*L ^ L be the projection 
map, and consider the composite map rj' o f] : N ^ L. Then from its construction, 
its restriction 6 = o (3)1^^ : No ^ Ijq = BO{m) is a classifying map for the 
non-degenerate quadratic pair tNo{T) = ° '''"*(^)) on Ng. Moreover, we 

have a puUback diagram (Cartesian square) of vector bundles on y as follows 

TV !^ L 

i i 
Y ^ BGO{m) 

As the Gysin boundary maps d commute with puUback of bundles, the above proves 
the following crucial lemma, by taking M = {On, 7r*(A^), t) ®7r*(y, N, 6), and choos- 
ing 9 as above. 

Lemma 7.8 Let n : N ^ Y be a complex line bundle, let T = {V, N, b) be a 
non- degenerate triple of rank n — 1 on Y, where n > 2, and let M be the mildly 
degenerating triple 

M = {On, n*{N),T) ® n*{V, N, b) 

on {N,Y). Let q : Y ^ BGO{n — 1) be a classifying map for the non- degenerate 
triple T'^I"*' = T, and let 6 : N — Y ^ BO{n — 1) he a classifying map for the 
principal 0{n — l)-bundle tNo{T). Then the following diagram is commutative for 
any integer i. 

H\BO{n-l)) ^ W{N -Y) 
ai ^ id 

W-\BGO{n-l)) ^ H'~\Y) 
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The above lemma shows that Gysin boundary acts on invariants ^[Mtv-y] of a mildly 
degenerating quadric M on {N, Y) defined by a triple {On, 7r*{N),r) © 7r*{V, N, b) 
exactly as given by the main theorem. As we have already reduced the proof of 
the main theorem to triples of the above form, this completes the proof of the main 
theorem. □ 



8 Sample calculations 

The main theorem, combined with our earlier determination of the Gysin boundary 
for the fibrations B0{2n + 1) ^ BGO{2n + 1) and B0{2n) -> BG0{2n) gives the 
following corollaries which tell us how to explicitly calculate the Gysin boundary 
image of any given quadric invariant. 

Corollary 8.1 (Odd rank degenerating to even rank) Let Q be a mildly degenerat- 
ing quadric bundle on (X, Y), of generic rank 2n-\-l, where Y is connected. Suppose 
that the degeneration multiplicity |i/|y(det((5)) is odd. Then under the Gysin bound- 
ary map d : H*{X — F) — > H*~^(Y), quadric invariants h{w2. .... W2n+i) of Qx-y 
map to characteristic classes g{X, a2i-i, 64^, rfy) of the triple T'^^ on Y as follows. 
Under the substitutions w.f. ^ (^") w\ + 'Yl,2<i<r (^"^-^i ') "^i"* "^i Z^'" 2 < r < 2n + 1 
followed by putting W2n+i = 0, let the polynomial h{w2, • • • , W2n+i) rnap to the sum 
Pt indexed by subsets T C. {1, . . . , n}, where for each T — {ii < . . . < ir}, Pt 
has the form 

Pt = fT{w2i-\) ■ griwli) ■ W2n • ■ ■ W2i, 
where fr and gr are polynomials in n variables each. Then d{h) — d{PT) where 

i/r = 

f{a2i-i) ■ g{b4i) ■ a2ii-i ifr^l 
f{a2i-i) • g{b4i} - dr ifr>2, where 

T ^ {ii < ... < ir}. 

If the degeneration multiplicity \i'\Y{det{Q)) is even, then d{h) — 0. 



d{PT) = 



Corollary 8.2 (Even rank degenerating to odd rank) Let Q be a mildly degener- 
ating quadric bundle on (X, Y) of generic rank 2n-\-2, where Y is connected. If the 
degeneration multiplicity |i/|y(det((5)) is odd, then under the Gysin boundary map 
d : H*{X — Y) ^ H*~^(Y), a quadric invariant of the form h{\, 021-1, bij, dr) 
of Qx-Y maps to the characteristic class g{c,W2, ■ ■ ■ , W2n+i) of the triple T^^ as 
follows. Under the substitution 

A 1-^ 0, a2i-\ ^ W2i-i, bij ^ wlj and dr ^ ^ W2i-iVT-{i} 

where W2n+2 — 0, let the polynomial h{X, a2i-i, b^j, dr) map to the polynomial 
h'{wi, . . . , W2n+i)- Under the change of variables from wi, . . . , W2n+i to w, W2, ■ ■ 
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uJ2n+i given by Lemma ^TSj , let h' map to the sum '^^w'^ fi{w2, ■ ■ ■ ,W2n+i) where fi 
are polynomials in 2n variables. We have 

+1{W2, ■ ■ ■,W2n+l) 

If the degeneration multiplicity |z/|y(det((5)) is even, then d{h) = 0. 

Remark 8.3 Even to odd degeneration over (A^, Y) Let tt : N Y he a rank 
2 real vector bundle, and T = {E, L, b) a mildly degenerating triple on {N, Y) of 
generic rank 2n. Consider the resulting principal G0{2n— l)-bundle Ty on Y. The 
character n : G0{2n — 1) ^ C* defined hy g ^ ^{gY / det((y') is a square-root of the 
defining character a of Ly, hence k defines a line bundle K owY together with an 
isomorphism : —>■ Ly- Hence the triple T ^'n'*{K~^) takes the form (V, On, q). 
In particular, the triple 7/v-y ® 7i*{K~^) on N — Y has its structure group reduced 
from G0{2n) to 0{2n). Thus in the special case where X is the total space of a 
rank 2 real vector bundle on Y with Y G X the zero section, when studying mild 
degenerations in which the generic rank is even, it is enough to consider quadric 
invariants only in PH*{B0{2n)). 

Examples 

In the following explicit examples, the multiplicity |i/|y (det(Q)) is assumed to be 
odd, as otherwise d maps each invariant to as shown. 

Example 8.4 Rank 3 degenerating to rank 2 In this case, the ring of quadric 
invariant is PH*{BG0{3)) = Fai^a.w^g], while H*{BG0{2)) = FafA, ai, feJAAai). 
Using the Corollary we explicitly determine the following. 

diiwl'wl^)iQx^Y)) = 

d{iwl'+'wl'){Qx-Y)) = {{at + b,yal''-%){rQn 

di{wfwl^^'){Qx-y)) = {{at + b,yal^^%i){r<^-) 

d{{wf+'wl'^')iQx^Y)) = {{at + b,yal'^%){T^n 

Example 8.5 Rank 4 degenerating to rank 3 In this case the quadric in- 
variants of Qx~Y, by Proposition 4.3, are the polynomials in X{Qx-y), cii{Qx-y), 
(ai as + b4){Qx-Y) and (03-1-01 'i{i,2})(Qx-y)- The characteristic classes of the triple 
T'^^ are the polynomials in c{T^^), W2{T'^''), and w^iT^^). 
Using the Corollary ^.2| we can explicitly determine the following 

d{\{Qx-Y)) = 

dia,iQx-Y)) = 1 

^iia^as + b,){Qx^Y)) = mir"^^) 

d{{al + a^d{^^2}){Qx-Y)) = {cw^ + W2W^){T'^'') 
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Example 8.6 Rank 5 degenerating to rank 4 In this case, tlie quadric invari- 
ants of Qx-Y are polynomials in W2{Qx-y)i ■ ■ ■ , w^^Qx-y)- The boundary behavior 
of the Wi{Qx-Y), following Corollary |8 .11 , is given in Example below. As another 
example, diiwlids)iQx-Y)) = ialh)iT'^^). 

Example 8.7 Rank 6 degenerating to rank 5 In this case the quadric invari- 
ants of Qx-Y, by Theorem 4.8, are the polynomials in the cohomology classes 

A(Qx-y), ai{Qx-Y), a'siQx-Y), a'^iQx-Y), I3'^{Qx-y), (3'i2{Qx-y), 6\2,3}{Qx-y)- 

The characteristic classes of the triple are the polynomials in c(T^^), W2(T^^), 
w^(T^^), Wi{T^^)^ and w^{T'^^). Using the Corollary |8.2| we get the following. 

d{\{Qx-Y)) = 

d{a\{Qx^Y)) = 1 

d{a',{Qx^Y)) = {c + W2){r'^n 

d{a',{Qx^Y)) = {cw2 + wl){T'^n 

di(3'siQx-Y)) = iwsm + c'w3 + wlws)ir'^^) 

diP'uiQx-Y)) = {C^ W2Wr,+W2W4:W^ + Cwlw^ 
d{5\2,^{Qx-Y)) = {^W2 + Wt + W^W^){T'^^) 

Example 8.8 We consider the general case of odd degenerating to even, where the 
quadric invariants of Qx-y are all the polynomials in W2{Qx-y)i ■ ■ ■ , 'U^2n.+i(Qx-y)- 
The Corollary in particular gives 

diw2r{Qx-Y)) = E('';^!~'0^«r"«--l)(r«n 

d{w2r^,{Qx-Y)) = EP"2r-2/0^""""^'"^^-^)^^''') 

1=1 ^ ^ 

Note that d{w2r+i{Qx-Y)) = ai{TQ^)d{w2r{Q x-y)), which reflects the well-known 
relation Sq^ W2i = W2i+i + wiW2i (Wu's formula). 

9 Appendix : Material from Toda [T] 

For any integer N > 1, let Xi, . . . ,X]sf and y be independent variables over the field 
F2. Let A be the polynomial ring A = ¥2[xi, . . . ,xn], and let (j) : A —>■ ¥2[t] <S) Abe 
the ring homomorphism defined by (j){xr) = Y2l=o ®Xi where xq = 1. This 

makes A into a Hopf algebra comodule over ¥2[t], as follows from the topological 
interpretation of (j) as the map H*{BG) H*{BT) ® H*{BG) induced by the 
multiplication map F x G G where (G, F) is the pair {GL{N, C), C*) or the pair 
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{0{N), {±1}), consisting of a topological group G and a central subgroup F. Some of 
the basic properties of cf) are just the Hopf algebra comodule axioms. The primitive 

ring PA is the subring of A defined by PA = {x G A \ (j){x) = 1 x}. Toda [T] 
gives a finite set of generators and relations for the ring PA when N — Am + 2 for 
some m > 0, and also when = 4, which is recalled below. 

Consider the maps di : A^ A,iori> 0, defined by di{xr) = (^7+') 

X ip so that 

^(^) — Si>o^* ® di{x). In particular, the map di : A ^ A is the derivation s — 
X]i<i<Ar(-^~^ + l)^i-i^ which played an important role in [H-N], with diodi — 0. 
The following proposition is an important step in Toda's determination of the ring 
of primitive elements. 

Proposition 9.1 (Lemma 3.6 of Toda [T]) Let N = qh where q is a power of 
2 and h is odd. Consider the W2-vector subspace (that is, additive subgroup) B of 
A, defined by B = {a E A\di{a) = for alii > q}. Then the multiplication 
map ¥2[xq] X B ^ A which sends {f{xq),b) i— > f{xq)b induces an ¥2[xq\-linear 
bijection ¥2[xq] -B — > A. In particular, it induces an additive isomorphism 
ip : B ^ A/xqA. 



Remcirk 9.2 B is not a subring of A, that is, the inclusion B ^ A does not 
preserve multiplication. However, the primitive ring PA is a subring of both B and 
A. The importance of the ring B is that it helps us get to PA. 

Remark 9.3 The proof in [T] of the surjectivity of the map F2[a;q] ^ B A is 
constructive, that is, given any element in A, one can recursively calculate an explicit 
preimage in F2[a;g] ® B. In particular, given any a G A/xqA, we can determine 
explicitly, in a recursive manner, its preimage ip~^a e B under ip : B ^ A/xgA. 

It can be seen that di{xq) — Xg^i for all 1 < i < — 1. Consider the elements Xi & A 
defined by 

Xi = Xi for 1 < i < g, 
Xkq = 'ip^^ixkq) for k > 2, and 
Xkq-i = diixkq) for A; > 2, and 1 <i < q — 1. 

The additive isomorphism of abelian groups B — > A/xqA is used by Toda to define a 
ring structure (multiplication operation *) on the additive group B, pulling back the 
ring structure on the quotient ring A/xqA = F2[a;i, . . . , Xg^i, Xg+i, . . . , xtv]- Under 
this, B becomes the polynomial ring B = F2[iri, . . . , Xg-i, Xg+i, . . . , xn] in the N — 1 
variables Xi {i ^ q) defined above (see Proposition 3.7 of [T]). 

Example 9.4 When = 2n + 1 is odd, the elements Xr are given by x^. — 
Si=o (^"r^\~0^i~'^«- "^^^ primitive ring PA, when A?" = 2n + 1 is odd, is the subring 

¥2^2 ■ ■ ■ ,^2n+l] C A. 
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The above case of odd N is the case where q — 1- Next we consider the case where 
q — 2, that is, N — 2n — Am + 2 is congruent to 2 modulo 4. The simplest such N 
is N — 2, where it can be seen that Xi — Xi and PA — B — ¥2[xi\. 



Example 9.5 When N = 4m + 2 for some m > 0, we have xi = xi, and the 
elements X3,...,xn G B can be calculated as follows. To begin with, we define 
So = 1 and to = 0. Now for each i > we define Sj and ti recursively by Sj = X2 i^-i 
and ti — + Xiti-i. For example, Si = and ti — 1, and S2 — X2 and t2 — Xi. 
The elements Xi, . . . ,xn are given by 

^ /4m + 2 - 2r + A , ^ ^ /4m + 2 - 2r + A 

X2r- = 2^ I . 1 X2r-i Si and X2r-1 = ^ ( • ) ^2r-i U 

1=0 ^ * ^ i=0 V * / 

The ring P>1 when = 2n = 4m + 2 

In this case the action can be written down as follows (recall that Xi — Xi and 
X2 — X2 in this case) . 

0(^2fc-i) = 1 ® X2k-i for all 1 < /c < 2m + 1, 

0(^2) = 1 0X2 + t i^Xi + t'^ 1, and 

0(^2fc) = l®X2k + t0 X2k-i for all 2 < A; < 2m + 1. 

We now write Toda's system of generators CK2k-i, St, and P^k for the ring PA. 
For 1 < A; < 2m + 1, let 

a2k-l = X2k-1 = di{x2k) 

The ring multiplication * : B x B ^ B can be extended as a binary operation 
* : A X A ^ Ahy putting 

b* c = bc + di{b)di{c)x2 for all b, c e A 

Using this, more generally for any subset T — {pi, . . . ,pr} C {2, . . . , 2m + 1} of 
cardinality r > 1, we define 

ST^di{x2pi *---*%J 
Next, we define for 2 < A; < 2m + 1, 

Pik = X2k * X2k + XiX2k-lX2k 



Proposition 9.6 (Proposition 3.11 of Toda [T]) Let N = Am + 2 form> 0. Then 
the primitive ring PA is generated by the elements 0:21-1, /?4i, St defined above. 

(Toda also gives the relations, for which see the above reference). 

Primitive ring when = 4 

In the case N = 4, Toda proves the following. 

Proposition (Toda [T] Proposition 3.12) For N = 4, the ring PA is the polynomial 
ring W2[xi, d^, d^], where ^4 = x| + X1X3 and dQ — x^ + xfx^ + X1X2X3. 
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The primitive rings for BO{N) and BGL{N) 

The above algebraic material applies to the following topological cases. Consider a 
pair (G, r) consisting of a Lie group G and a central subgroup T C G. Let FxG — > G 
be the multiplication map, sending (7,(7) ^ 7(7. This is a group homomorphism 
as r is central, so induces a map B(r x G) = BT x BG BG on the classifying 
spaces. Let : H*[BG) — > H*[BT) ® H*[BG) be the induced ring homomorphism 
on cohomology. Now we consider two cases, as follows. 

Orthogonal group When (G, 7) = (0(iV), {±1}), H*{BG) = Fsfwi, . . . , wjv] is a 
polynomial ring on the Stiefel- Whitney classes tWj, and H*{Br) — ¥2[w]. The map 
is given by Wr ^ Eo<i<r {^Ii)'^'^~''^r- 

General linear group When (G,7) = {GL{N),C*), H*{BG) = Fsici, . . . ,cn] is 
a polynomial ring on the mod 2 Chern classes classes q, and H*[BT) = F2[t]. The 
map is given by ^^ Eo<i<r {^r-i)^''~''^r- 

Hence with appropriate change of notation, the material above gives the primitive 
rings for the orthogonal groups or general linear groups in the cases when A?" is odd, 
or when N — A oy when N — Am + 2 for some m > 0. 

Notation for generators of PH*{BO{N)) and PH*{BGL{N)) 
For N — Am + 2, we denote the generators for PH*{BO{N)) by a2k-i — W2k-i, 
St = di{w2pi * ■ ■ ■ * W2pr) and (S^k = W2k * W2k + wiW2k-iW2k- On the other hand, 
for N = Am + 2 we will denote the generators for PH*[BGL[N)) by Q;2fc_i = ^2fc-i, 
8'^ = (ii(c2pi * • • • * C2pJ and (3'1^ = C2k * C2k + CiC2k-iC2k- 

Remark 9.7 The ring homomorphism 9* : H*{BGL{N)) H*{BO{N)) induced 
by the inclusion 9 : 0{N) — > GL{N) maps Cj 1— > wf for each i. Hence under 
9* : H*{BGL{Am + 2)) H*{BO{Am + 2)) the invariants a"2i-i, P'Ui and S"t map 
to Q;|j_i, and 5^ respectively. 

The tensor product C^^C^'"+^ C^"*+2 

Consider the homomorphism r" : GL{2m + 1) x GL{2) — > GL{Am + 2) defined by 
the tensor product (8) C^"*"*"^ C^*""*"^. This induces a ring homomorphism 

B{t")* : H*{BGL{Am + 2)) ^ H*{BGL{2)) ® H*{BGL{2m + 1)) 

The following proposition is a part of the Proposition 4.2 in Toda [T]. 

Proposition 9.8 With the above notations we have B{T")*{a"2i-i) = for all i > 
I, and B{t")*{S"t) = for every T = {ii, . . . , ife} C {2, . . . , 2m + 1}. 

This has the following analog for 0{Am + 2). 

Proposition 9.9 Let the group homomorphism t : 0(2) x 0(2m + 1) — >• 0(4m + 2) 
be induced by the tensor product. Then we have i?(r)* (0:24-1) = for all i > 1, and 
B{t)*{St) = for every T = {ii, . . . , i^} C {2, . . . , 2m + 1}. 
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Proof Observe that the following diagram commutes 



H\BGL{Am + 2)) H*{BGL{2)) ® H*{BGL{2m + I)) 

H*{B0{Am + 2)) H*{B0{2)) (g) H*{B0{2m + 1)) 

where 6* : H*{BGL{Am + 2)) ^ H*{BO{Am + 2)) is the natural map which takes 
the element q t— > wf. Hence this map also takes the elements C2i-i to W2i-i ^"^^ 
6"t to 6^. Now for any a G H*{BGL{Am + 2)) such that E(r")*(a) = 0, we have 
B{T)*9*{a) = 0. This implies that B{t)*{wI_^) = and fi(r)*(5|,) = 0. Now the 
proposition follows from the fact that H*{B0{2)) ® H*{B0{2m + 1)) has no zero 
divisors, being a polynomial ring. □ 
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